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PREFACE. 



In 1833 the " MeduEmiesfor Praciietil Mem* BjppcKnd^ 
which I wrote in conjanctioQ with mj excellent friend, 
Mr. Isaac Dodds, the eminent engineer of Glasgow. This 
book, being of a more practical nature than almost any 
other work of the kind at that time, had a most rapid sale. 
The various avocations of my friend having precluded the 
possibility of writing for a new edition, he has, with that 
kindness for which he is as distii^^ished as for his great 
abilities, allowed me the full and free use of the above- 
named work : I have therefore borrowed largely from it. 
Many of the parts might be done more simply ; and, in 
fact, I have not confined myself to the methods there given 
alone, but have extended them considerably : the greater 
part, however, of the mechanical powers is essentially the 
same. 

For the Lever, when the forces act obliquely, I have 
given a geometrical construction, and also an algebraical 
solution. At page 82, an example is constructed by my 
talented friend and colleague, Mr. Haddon, with such 
accuracy that it agrees almost exactly with the algebraical 
solution. 
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Vlll PREFACE. 

Many of the problems are taken from the various 
periodicals, and from the Cambridge problems. 

The works that I have consulted are those of Poncelet, 
Moseley, Tate, and those of my late lamented friend. Dr. 
Olinthus Gregory, whose Mechanics was undoubtedly the 
best work for practical purposes that had appeared before 
the works of Poncelet and Moseley. 

The Tables on Iron, at the end, were made by my old 
pupils, Messrs. Setree and Shelley. The Parallel Motion 
Tables were made by my eldest son. 



J. HANN. 



Kino's Collkqb School, 
October 2Zd, 1848. 
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^^^Cu^ns or bodies iiiini jhu xnufUi^. 

2^ Body is dm suiih^ jt {lumarr^ a: ituOnr.,. Hi ^^^n 

^efgKt ar gravityj voaof^vB: j& ijx'ur^ «»> iv. 

Bodj is either lur-L H.n£,. vc tiutsuu A -li4«V4; Kwt> » 
nch that its par^ ij jbc Tiiaii 7^ iin.^ **2s-.*kf •« }vi^%Mi«NiAyv 
mt retain tbeix i^sjx TTiLRawiL A 11.17; K%. > 4;^ vi^iik vUnS 
ts parts jield tO' aaj 3crjic.r 'at iimyo^^w^'i^^ >iiui^«i<^w^1 fvMvA**^^ 
iemselres again, tfce i^^is^ <ci iJkr K\3x avw^uv*^ *ht4'r*A 
And an elastic hedj » s^ixh ^iM \h<- jnati^ Xi\)i >w>jl l\^ 
iny stroke, bat whicii pre-senUv jv*tvMv ii^rt«*rlxv* t^^M, 
ind the body regains the same %ur<r ** Wfvxiv 1U0 »l4V^v. 

There are no bodies that are )>ertWt)> k«irU« u^\,^ vmt 
elastic ; bat all partaking these properti«N»« uu>r^ imt )«>^ iu 
some intermediate degree. 

3, Bodies are either solid or fluid. A dtJiii IuhIj^ in kuvh 
that its parts are not easily moved among unt^ Mnulhdv, aiuI 
which retains any figure given to it. Uiit a thiid luiily Im 
such tliat the parts yield to the HlighteMt im|U't)ti)iiou, Imiiig 
easily moved among one another \ nud iU huiIhuu, wlitiii Ml 
to itself, is always observed to settle in a HniiHith iilniii^ Mt- 
the top. 
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14. Ce— e :: ---- . . .-.'. ^ . .:-., 
upon whicii, :z-r :•:•:; .•=.-'_ .' ::■=*= . --..>.•.: . ..:■, 

in anv pcsiu:-. ' 

lo. Ce-:Te :: v....: .: . . . ., .^ . .5,.. ... 
which the cc-iv ii iLjci -—^ :.-■- .--\.> ,• »■ *' ,. *' 
fixed ajcis :c ncTci s-.o:::. 

16, W eizL: i^i Piwer. %*Lic*:. ^';*;\i><-^ ^ 

jgnify the bo£y :. U ::..v..:. .u.. ::. ,,. •, Vj "J^," ^ 
inat bodv w-ic- c^»:i:u:ui;ic.::t> :ii^ i..,, . 1,. , . • 
power; and tha: w;:icL reivi^t'si 1:. -.^ u^.,..,j, 

17. Statics has lor i:s ui'iirt liii- tMuii,i,,,„„^ ..{ j,.,,,.. 
apphed to solid bodies. 

18. By Dynamics* ^vc iiiv.-.ti-att' ilu- ,.„,^.„,,j,„,^ ... ^,^ 
tne motion of solid bodit- b. 

* The term D\iiajjiitv Bi«rnilk> liu-niNv (lir tlurii,,,, ^^j 
'orce being known to Ub onlv uh llii- cft"'.- nl iiim,,,, , ' ''""' 

motion it producer. 



2 THEORETICAL AND 

4. Density of a body is the proportion of the quantity 
of matter contained in it, to the quantity of matter con- 
tained in another body of the same size or magnitude. 
Thus, the density is said to be double or triple, when the 
quantity of matter contained in the same space is double 
or triple. 

5. Force is a power exerted on a body to move it. If it 
act but for a moment, it is called the force of percussion or 
impulse. If it act constantly, it is called an accelerative 
force. If constantly and equally, it is called an uniform 
accelerative force. 

6. Velocity is an affection of motion, by which a body 
passes over a certain space in a certain time. Thus, if a 
body in motion pass uniformly over 10 feet in 2 seconds of 
time, it is said to move with the velocity of 5 feet per 
second ; and so on. 

7. Motion is a continual and successive change of place. 
If a body moves through equal spaces in equal times, it is 
called equable motion. If its velocity continually increases, 
it is called accelerated motion. If it decreases, it is retar- 
ded motion. If it increases or decreases uniformly, it is 
equably accelerated or retarded. Likewise if its motion be 
considered in regard to some other body at rest, it is called 
absolute motion ; but if its motion be considered with re- 
spect to other bodies also in motion, then it is relative 
motion. 

8. Direction of motion is the way the body tends, or the 
right line it moves in. 

9. Momentum, or Quantity of Motion, is the power or 
force in moving bodies by which they continually tend 
from their present places, or with which they strike any 
obstacle that opposes their motion. 

10. Forces are distinguished into Motive, or Accelerative 
or Retardive. A Motive, or moving force, is the power of 
an agent to produce motion ; and it is equal or proportional 
to the momentum it will generate in a body, when acting 
either by percussion, or for a certain time as a permanent force. 
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replaced by their resiiltan L By supposition this result 
wilUiave its direction in y^F^ and will therefore produce] 
the same eBTect as though applied at i^* But thus applied 
at Fy it may in its turn be replaced by two other pressures I 
acting in CF andBF) and these will manifestly be equal to 
Pand Q, of which P may be transferred without altering! 
the ^conditions of the equilibrium to C and Q to F* Wei 
have now then^ without altering the conditions, replaced the! 
original pressures by P and (jf acting in CF and CD at £71 
and Q in FF at F, Now by supposition the resultant of I 
P and G acts in CF^ let them be replaced by this resul tant ; J 
and let this resultant again be replaced by its components 
in DE and FF ; these last will manifestly equal P and Q\ 
So that on the whole we have now, without altering the I 
conditions, replaced the forces P^ Qj Q' actiog at ^j by equal 
forces Pf Qj Q* in parallel directions acting at F ; or, in other | 
words, the forces P, Qj and Q' produce the same effect whether 
applied at A or F, The fourth pressure which wOl boldj 
these in equilibrium must therefore be such as will hold 
them in equilibrium when they are applied at^ or at ^ |J 
it must therefore evidently act in the line ^^ j now the 
resultant of the forces P,Q,and Q' is opposite to this pressure. 
This resultant acts therefore in the line AF, Q and Q'J 
actiog in the same straight line are equivalent to Q + Q\ 
So that the resultant of P, Q and Q' is the same 
with that of P and Q + Q\ It follows then (as wasj 
to be proved) that if the resultant of P and Q have I 
its direction in AF and that of P and Q in CF^l 
the direction of the resultant of P and Q + Q' will be in ] 
AF. 

Now this is true for all values of P, Q and &* It m\ 
true then when P^Q=^ Q\ But in this case the resultant! 
of P and Q is manifestly in AF, and that of Pand Q in CF*\ 
Hence therefore it follows that in this case the resultant of 
P and Q + Q\ that is, of P and 2P, is in the diagonal JF. 
Taking now Q = i3Pand Q' = P since the resultant of P 1 
and2P is in the diagonal^ and also that of Pand P, it| 
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follows that tlie resultant o( P mdSPhia the diagonal. 
And so of P aud 4 P, P and 5 P, and generally of F and 
^ ^* and ibus similarly too of m P and u P, where iw 
^^^ n are any whole numbers- So that the law is true 
^* ^^y two forces which are commensurable. This is more- 
*^ver true when the forces are incommensurable. 
■Let AC and JB represent 
y two such incommensurable 
/orces. Complete the parallelo- 
^^tn ACBB, then shall the re- 
J^'t^tof ^C and J B be In AD. 

o^if iiQtlet its direction be AE and draw EG parallel to 

^^O* Divide AB into any number of equal parts, each 

^^Hg less than GC\ and set off parts oo ^i C ^ to these 

^^*i A towards C One of the divisions of these will 

^^nifestly fall in GC. Let it be H. Complete the 

Parallelogram AJIFB. Then A B and Aff representing 

^^o force s> and being commensurable^ their resultant will 

^^ ill AF^ and will have its direction nearer to y^ C than 

^^ resultant JE of JB and A G has, which is absurd, 

^>:5ce Aff is less than A C* Therefore AE is not in the 

^^a^ection of the resultant oi AB and 

^ ^^Hie manner it may be shown that n 

^ in that direction, 

2. The resultant is represented in magnitude as well 
^^ in direction by the diagonal of the parallelogram. Let 
^^J and CA rep reseat two ^ 

X>ressures in magnitude ^■■'"^ w 

^iid direction^ complete the 
Jiarallelogram B J C B, '^ X 
tlien &om aboT« 2) A will .^ 
t*epresent tlie direction 
^f the resultant ; it will 
^ko represent it in magni- 
tude. 

Produce DA to G^ and apply in GA a pressure equal 
to the resultant and opposite to it, and let this pressure be 



4E is not m 
AC^ and in the 
I other than AD 
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represented in magnitude by the line G A. Then will the 
forces BA^ CA, and GA balance one another. Complete 
the parallelogram GABF, then is the resultant of GA 
and IJA in the direction FA; but this resultant will 
manifestly balance CA; therefore FAC is a straight 
line, so that FA is parallel to BD, and AFBD is a 
parallelogram. 

Hence AD = FB = GA=s magnitude of resultant. 

Therefore the resultant of CA and BA is represented 
in magnitude as well as in direction by the straight line 
DA, 

li. If a body be kept in equilibrio by the joint action 
of three forces in the same plane^ these forces will be re- 
spectively proportional to the three sides, AB, BC, CA, 
of a triangle, which are drawn parallel to the directions of 
the fontea, DA, EA, CA. 

1 ^et A (! represent the force C, and produce ^ 

/)./, liAf and complete the parallelogram 
Ali('l'\ Now, by the last Prop, the forced 
// ('. \% equivalent to the two forces AB, AF; 
j)'il, llj'.Tcfore, the forces .//?, AF, instead of ^ / 
./ (\ and all the forces will still be in equilibrio: 
t^'rn^-fore, since AC represents the force C, ^ 

\\i*:u AH will represent its opposite force 2), and BC 
or A F its opposite K. Consequently, the three forces, 
h, E, (\ are proportional to AB, BC, AC, the three 
»i'J^H of ilu» triangle ./ W T, formed by drawing lines parallel 
V/ xhr clir(><'ti«)n!i of (ho three forces. 

Cor. 1 . The three forces /), E, C, will be respectivelj 
4i» t}jf- hinci of the angles A C li. CAB, ABC; for these 
^f.»n'm arc as A B, /?(\ A C^ and these sides are as the 
>^'tjt'» of their opposite angles (\ A, />\ 

Cor. 2. Three forces acting upon a body, and keeping 
■^t iu equilibrium, arc proix^rlional to the sides of a triangle 
firmed by drawing lines cither perpendicular to the direc- 
ticmi in which the forces act., or making any given angles 
^«i those directions. For Mich a triangle is alwavs similar 




/'\^ 
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to that which is made by drawing lines parallel to the 
directions. 

4. If three forces, the directions of which concur in 
one pointy are represented by the three contiguous edges 
of a parallelopiped, their resultant will be represented, 
both in magnitude and direction, by the diagonal drawn 
from the point of concourse to the opposite angle of the 
parallelopiped. 

Let the directions in which the forces act be AB, AC, 
and AD, and complete the parallel- D P 

opiped BF. Then, since ABHC is & 
parallelogram, the force A H is equi- 
valent to the two forces AB, A C ; but 
DG is both equal and parallel to AH^ B H 

and AD is both equal and parallel to GH; therefore 
ADGH is a parallelogram, and a force which is repre- 
sented by its diagonal A 6r, is equivalent to the two forces 
represented hy AD, AH \ that is, to the three forces AB, 
AC, AD. 

Cor. 1. If four forces, in different planes, act upon a 
body and keep it in equilibrio, these forces are to each 
other as the three edges and diagonal of a parallelopiped, 
constructed upon lines respectively parallel to the direc- 
tions of the forces. 

Cor. 2. It also follows, that a single force may be re- 
solved into three others in different planes : also, each of 
these forces may again be resolved into others, either in 
the same or different planes; and so on, as far as we 
please. 

5. The properties in the preceding propositions hold 
good for all similar forces whatever, whether they be in- 
stantaneous or continual, or whether they act by percus- 
sion, drawing, pushing, pressing, or weighing, and are of 
the utmost importance in mechanics and the application of 
the doctrine of forces to natural philosophy. 

Ex. 1. Suppose a boat to be fastened to a fixed point by 
a rope, and acted on at the same time by the vsipd and the 

c 
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current ; then the direction of the rope will represent the 
resultant of these forces. Thus, let B 

AB and AC he at right angles, and ^^y^^'^\^ 

the forces in these directions 30 pounds j) •'=^^— -teSQ^A 
and 40 pounds respectively; required \ ^^ 
the magnitude and direction of the re- q 
sultant. 

Since the angle CAB is a right angle, and -/f-B = 30, 
-rfC = 40, AB will be the resultant; and -rf2)"=30« 
+ 40'= 2500, /. ^2) = 50 pounds, the magnitude of 
the resultant. And to find the angle DACy we have^ 

si„.i>^C=|^ = j-| = JJ = | = .6. By the table of 

sines, .6 is the sine of 36® 52'. 

Ex. 2. If two equal forces act at an angle of 120*; prove 
that the resultant or force compounded of them is equal 
to either of the equal forces. 

Let AB and AD represent the two equal 
forces, and the angle BAD = 12V; then 
draw B C parallel to AD, and D C parallel 
to AB. Join AC; and since the angle 
BAD=^120\ the angle ABC, which is 
equal to the supplement of the EingleBAD, 
must be equal to 60" ; but AB = B C, there- 
fore the angle BAC will be equal to the angle BCA^ 
And since the three angles of the triangle -^J5C, taken 
together, are equal to two right angles, or 180', 

wehave*60«+ lBAC-¥ LBCA^ISO' 
or60«+2/.^^C=180« 
A 2Z5^C=180«-60«=120» 
.% Z^^C=120"-^2 = 60» 

Therefore since each angle of the triangle ABC is 
equal to 60**, the triangle is equilateral, or AB and BC 
are each equal to A C 

We may very frequently see examples of the reso- 
lution of forces, where the force exerted being resolved 
into two, one of them is totally lost or counteracted, and 
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the remainiug part only is effective* ThuSj when we draw 
any body along the ground by a rope 
fastened to it, and supposing the rope 
to be inclined to the horizon at an 
angle of 45 degrees, the force which 
we exert is effective only in part. 
Thus, if we exert a force of 20 b (T 

pounds, this is equivalent to two ; one in the direction of 
AB, perpendicular to the horizon, and the other in the 
direction BC, parallel to the horizon; and AB*-^ BC* 
==20*; but since the angle ACB=4f5\ AB=^BC, 
.\ 2B C*= 20\ or B 0'= 400 ^ 2, therefore BC^ v/200 
= 14.14 pounds. 

Hence the force with which we draw the body horizon- 
tally is 14.14 pounds. 

6. To find the resultant of any number of forces con- 
curring in one point P, and acting in the same plane. 

Let the forces be represented by 
PA, PB, PC, PD, and from the 
point A draw Ab parallel and equal 
to PjB, and complete the parallel- 
ogram AB, and draw the diagonal 
Pb, Then complete the parallelogram bO in the same 
manner, and draw the diagonal Pc. 

Also complete the parallelogram c2), and draw the 
diagonal Pd ; and so on for any number of forces whatever. 

PA and PB are equivalent to P6. 

.-. PA, PB, PC, are equivalent to Pb, PC, that is 
to Pc. 

.-. PA, PB, PC, PD, are equivalent to Pc, PD, that 
is to Pd. 

That is, Pd is the resultant of the forces PA, PB, PC, 
PD. 

Cor. Hence it follows that if any number of forces be 
represented by the sides of a polygon taken in order, as 
PA, Ab, be, cd, their resultant will be represented hy the 
line Pd, that completes the polygon. 
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TI1£ PRINCIPLE OF THB BQUAUTY Of MOMEHT8L 

7. Let any point O be taken in the plane of the parallelo- 
t'rani J BCD: join 0-rf, OD, and OC, Now, the quadri- 

D 





iaUral ()AIjC is composed of the triangles AOD and 

()!)(!. H^nce wc have, 

0//6'=: 0.//>^ ODC-ADC .... (I) 

J i^/jii O J':t full the perpendiculars Oa. Oc, Ob, and Od 

</ij the -jifir-H y///, y^C, ^/>, or on those produced; then 

*i /I . X ^^ ACxOb , 

the ;jfea of the triangle (>AC^=^ — ; the area 



0/11):=^ 
OIJC^ 



2 
ADxOd 

DCxOc 



2 

I) C X ac 

II ..'• , hy My vv.: have .i6'X Ob=AD x Orf-f 2)Cx 

•^ il) A Od'\-DC{Oc-ac) 
-■- IDA Ocl+An.Oa. 
Mm ,.....ln<i..( /rV O/v, J/JxOr/, .>/J9xOa)ofthesides 
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ACy AD9 ABf bj the perpendiculars Ob^ Od, Oa, let 
fall from tfe^e point O open their respective directions, are 
called the moments. Hence we see that the moment of 
the resultant is equal to the sum of the moments of the 
components. 

I£ the point O be taken within the parallelogram, we 
shall then have 

OAC,^ OAD-^ ODC-^ADC. 




AC X 


Ob 


2 


1 


ADx 


Od 


2 


y 


BCx 


Oc 


2 


J 


DCx 


ac 



Now OAC = 

• OBO^ 

ADC^ 

Consequently, 

ACxOh^AD X Od'-AB x Oa. 

Hence, the moment of the resultant is equal to the 
sum of the moments of the components, which tend to 
turn the body in one direction, minus the sum of the 
moments of the components, which tend to turn the body 
in the opposite direction. 



r ,. 



...Lieu :o :i:em at \ 

•^.i.^.-.-.iaL' ::i each case 

:iiL»^L:piica by the sir: 

... '.yA. riuis. .lb = AB 5: 

\'.\\\:\\ is tiu^ s.ijii-^ .i A C i 

...\ I, ;ir.a io vJi. 

. ;■» iinJ x.\w resuitaric of >r.i 

I .7 i)o ii lorce 0(jual and :r 

;Mrai!el I'orces, /\ Q, S\ T: 

.•I !«) iheir (iirootioiis tiii t::-r- 

!■,! '.,ii;libriuni witli the force 

.■ ;• fj + .v+r 

, ;:s :<-\- AL'x T-Ai 



\>. 



cc 



r 

I 



FilCrCXL ■W-TT.fcTgr^ 




■ and those parallel zo J * jc* J «ii. « 

I the resoliant rf tit ix «r. mml T 
the second; then 

If i be the discaca a: i^ jsaixsarL Z inm ^Z. jbk < 
that of i from A T, tser v^ hmc^ 

From these fbcr eirmcinni ■»;* sea cifssmuie Utf ion- 
quantities X, i 9 Ct L 

If J? be the iosjibdi it ^ mif Jl bul b tie n^s 
it makes with the axs ^X 



X 

Hence the magnirasf axe <.Lr*!C=iiin: in iiif Tcnihaii: art 
blown. 

10. If two forces P azi£ Q xnep: il e iumn makiw <n: 
fiJigle 9, find the resclta^i B m£ zut anr'SK «.. p. i^iiici- r 
^akes with the compooects P. Ce. 

Let ^5 and jiF [see £r- 5»rt 5 - i t y. ' m i? Lt /* anc 6 
respectively, BAF^ 0, then 

J C' = ^i?* + BC^ — ^JB X ^r re*. ^^C, 

or, if» = P»+Q'-£Px Q :^^^JBC J 

but ABC=r^BJF=^r^9; 

.", COS. ^P C = COS.(x — fl , = — COS. ©. 

Substituting this in (1) we hare 

^«= P»+Q« + 2PxQ COS. 0; 
and since BAC^a^ and FAC^^^ 

sin. BAG Qi^- j -nr^ n .g w:* 

— TTTT* = t;, but sin. -^l^C=s sin. 5^/'. 

sm. ABC Ji 



%MW'« !iw« mil* '>f' iiifjia Ik rim :fftine as tiis sne of tbe 
^ — . .-. «n. a = n an* If. 



411) 



^l- a ••• -"•3 = ^«°-»- 



ir /• -».»,•! O l»" '-'I'll!, r.liftn 

« — , i — .^nrl It'=iZP cos.a ; 
r... ir-^il" y ;/'*r:/,i». = i>/^' + 2P*cos. 2o 

— .'/•• ♦ !<?/•• ^.i <:li«i.*fl-- l) = iP«C08.»a. 
. // — V 1 /" ( «m7« = 2P COS. O. 

II till. luit.iiQ iiir.»l at il^ht uncles, then 

, (^ ■ . ^ 

^iii u — r»»*. p — ; .sin. p 55S COS. 0^-3. 
/t ' /C 

It 11 iliiii} ioiti-.i /', (vN /t\ meet in a point at right 
»i»,<t< 1 \v«- Kill itvrU'iiiiiiio tlu' resultant and the angles 
... ^ :. ,. ^vhuli ii iij.ik^'.^ Willi the three forces. 

^ /*■ i tj ' I- -^^ — the resultant; 

Q 

...;. .. ; COS. p ^ - - -== ; 

•» 

I 

w . "x «- .V"' 

'»i|i..4.. t« .iti««- '-ijUiii iiMi.s .liivi Kill 

*■ .. '■ ^ V" 

<■■•• «- - - ■•- . .:_ -•-'• 



• u ,, , »,,,N , |>iMii -i:iin 'rinj; -^t^c-M, O .ieiej Illint: :::e 
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Let the points ^, B^O* . , 
be acted upon by the pa- 
rallel forces Pj Q, ^ , • • . ; 
and the system being re- 
ferred to three rectangular 
axes» let aj, p^ z^ x\ if% si\ 
m'* ^ y*\ z% , - , be the co- 



B 



o^'—Jr 



^ 



ordinates of those points ; 

tben shall the co-ordinates of the centre of parallel forces be 



Z= 



Pz^Qz^Rz*" 



P+Q + R 

First, let there be only two points ^4 and B acted upon 
by the forces P^ Q, and determined by the abscissas 
OA'=^Xi OB*^w' \ let E be the centre of the two forces 
P^ Q, and let the abscissa 0£ = X correspond to it; 
.\ P:Q :: BE : JE :: B'E' : A' E' :: ^'^X : X-^ar. 
/. {P^Q) X^Pz^Qx. 
Suppose now the point E and the third point C of the 
system to be joined, which is acted upon by the force R^ 
and has, for its abscissa m"\ if ^be the centre of the two 
forces P-k-Q arid jH, and if X' be its abscissa, it may be 
shewn, as before, that (P+ Q + i?) X'== (P+ Q) X + Rx"i 
or, substituting the preceding value of X, {P-\-Q-\-R) 
X^Px + Qx' + Rw\ Proceeding in the same manner, 
until we reach the centre of all the forces, to which the 
abscissa X correspondsj we shall have 

(P + Q + ii.^O X = Px^q^' + Rx\,.., 
^ P^+Q^'H-iJ;zr" 



Next, referring the position of l!ie points successively to 
the axes of ^ and of z, we shail have, in a similar mannerj 
(P + Q + 7Z,.,0 Y=Py^q/+Ry'\.,,. 

{P+Q-^M.,,.)Z^Pz^Pz''^P3^'\..., 
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Z= 



F + Q + B.... 

Example, There is an engine-room of a steai^ 
which is rectangular. At 10 feet from the side, 6 I 
the end, and 5 feet from the bottom, is situated the 
gra\'ity of the boiler, whose weight, water included, •-• 
at 4 feet from the side, 11 feet from end, and 7 <•■ 
bottom, is situated the centre of gravity of tlv 
engine weighing | ton ; at 9 feet from side, T 
end, and 3 feet from the bottom, is the centre i 
furnace &c. weighing 1^ tons; at 5 feet fi\. 
11 feet from end, and 10 feet from bottom 
gravity of cylinder, piston, &c. weighing 1 t:- - 
what distances from the side, end, and bottov- ' 
of gravity of the whole is situated. 

Let Xj 1\ Z^ distances of centre of grav'*"- ■ 

end, and bottom. 

( 10x:2>-K4xi)-K9xU) + - ^ 7^ ." ; - 
lhenA= ^ ^r = ^^^ :^ --"n iv f/- \< 

-^r^ = 8. 1 feet from side. 
o 

y^ 6X'3 -fCllxP-f (TxU: 

x' + J + U+i" 

-=- =7.S feet from en J. ^ > ^ 




^ 



w 



iJ-ri + li + 1 -.hefulcrum; con- 
^=5.6 feet from bottn-^f ^ sin.C^D, 



THE MECHANICAL POi. , ^raight leverol 
1-5- Tir Mr-r'-micil Powers are con; 
■sTr ire i-iz.zi '^ sustain a great wei^. 



::•«- p:^'»^rr5 arc- usuailv 



r in'ier; "rr. ::^* LrTer. the "Wheel cr.. 
■:i; Li.ilii.'f-f ? *--■ "-- ^ ei^e. and th^ "v 
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rilcrum, when the 

. . j::her with the whole 

!y Ly Algebra. Thus, let 
:ever = a, and CW^x; 



,, J .,— , as before. 

i k'ver, or where several levers act per- 

■ic another, q 

■ic iulcrums 




(i X 1)1 : AF ( 



1 1 P acting at A : weight at B :: Ji F : A V\ 
1 power at B : the weight at C :: Cd : H(L 
wer at C : the weight fV:: J)I : Id. 
(X cquo, 7> : W :: BFy.CGy.l)l : ///' 
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triangles CEB and CDF are simlkr; therefore CJ>;j 
OE :: CF : CB. 

HcEce, by equality, P : JF :: CD: CE, 

That is, each force is reciprocally proportional to Ih^ 
distance of its direction from the fukrum. 

Cor, 1. When the two forces act perpendicularly ot^ 
the leveri as two weights, then^ in case of an equilibrium J 
D coincides with Wj and E with P; therefore the aboT« 
proportion becomes 

PiWr, CW% CA. 

Cor* 2, Since the product of the extremes is equal t 
the product of the means, Px CE=^ Wx Oi)? or if the] 
forces act perpendicularly on the lever, we have, by the 
last Cor. F x AC= WxCW. 

Cor. S* If any force P act at A in the direction AEpi 
it5 effect on the lever to turn it about the centre of motion 
<?, is as the length of the lever A C, and the sine of th 
angle of direction CAE, For the perpendicular OE i 
as ^Cx sine of the angle OAF, 

Cor* 4- And in the bended lever 
ACW, we have Px^C'xsin. CAD ^ 
^WxCWxsm.CWG. 

For CD And CG are perpendicular 
to the direction of the forces P and 
IF respectively, and are therefore the ^ 
distances of their respective directions from the fulcrum; con* 
sequently, PxCD^fFxCG.hut CD=AC x sin- GAB^ 
and CG^CWxBln.CWG. 

.% Px^Osin. kCAD^WkOWxbw.OWG, 

Cor, 5, It also follows^ from Cor. ^^that in a straight lever 
the first order, P x ^ C= ^ x C TF, and 
the pressure on the fulcrum is P + TF. kl 

Cor, 6. In a straight lever of the ^ ^y f^ 

second order PxAO^W >iClV; 
but the pressure on the fulcrum is, 
in this case, IF — P, 



W\ 
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Cor, 7, In a straiglil lerer q( the 
I bird order, P%JC=Wk C W, 
atiil the pressure on the fiilcrum is 

Cor, 8, If a straight lever l>e kept 
in eqiiilibrioj by several weights P, 
Q, -/^ Sy Tf acting perpetidicularlj, a 
iben, 



B D e 



vr C A 



Cor. 9. Since P : IF 
lia?e, by composition^ 

P-f IT: P :; ^TF: CIF 



CWijiCme 



cir= 



PkAW 



mAAC= 



Wy.AW 



P^ fF •*™"*^ P+ FT ■ 

This corollary is useful in finding the fulcrum , when the 
power aod weight are both given, together with the whole 
lenglli of the lever. 

Or it naaj be done very simply by Algebra, 
AW the whole length of the lever — a, and 
iben AV^a^Xp and bj Con 5, 

Wx = P{a~^)=Pa — P^, 

P^-^W3e=Pu. 

Pa PxAPF 



Thus, let 



s= 



as before. 



"^ 



P+W P+ W 
20* Id th^ compound lever, or where several levers actper- 

Scdlarly upon one another, q 

\ABi BC^ CJ>j the fulcrums ^ ^ ^^ 
which are 1"^ G^ I\ then '~ 

P: WiiMFkCOxBIiAF 

%BGxia 

For the power P acting at A t weight at ^ :: BF t JF, 
i iW force or power at B : the weight at C :: C G ; 

Also the power at C : the weight W 

Tlierefure, ex rquo, P - iV 
^BGxia 



BPycCGKDl 



BO. 



jr 
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But it is more simple to divide the whole weight of the 
lever by the whole length, and the quotient will give the 
weight of one inch or one foot in length, according as yda 
take the length in inches or in feet. 

To apply the formulae we have deduced, we may take 
Example 1. 

Now, in this case, the power acts at one end of the lever, 
and the weight at the other, and the power is required ; 
therefore formula (1) is exactly adapted to this case. 

a 
Here Tr=1001bs. a =60 inches, J = 36, and 0=;^^ = 
'^^Ib. ; therefore, 

100 X 36 + 1 X 36 ^ X ^^-1 X 60' x ^-4 _ 

^" m ■" 

3600 + 27 — 75 ro oiu ^1, 1 r • 17 1 

— = 59.2 lbs. the same as before in Jj^x. 1. 

bU 

But if we take c for the weight of one foot in length, it 

, ^ 100x3 + ix3^x|-|x5'xJ 

becomes /*= = — - — = 

o 

300 + 2.25-6.25 ^^ ^ , 

=59.2, as above. 

o 

We will now take Example 2d, where the power is 

applied at a given point Z) between A and C, and the 

weight at a given point E between W and C ; and since 

the power P is required, we must take formula (8). 

^■" d • 

Here Tr=3 cwt. = 3361bs. a = 8 feet, 6 = 6 feet, c = 

ff =3 lbs. weight of one foot of the lever, rf = 5 feet, and 

r = 2 feet ; substitute these values in the above, and P = 

336 X 2 + i x 6' x 3-^8^ x 3 672 + 54-96 -_„ 

— r, = =1261bs. 

5 5 

which is exactly the same as was found in Example 2d. 

29. Let A WG be a lever of the second order, and C 

its fulcrum ; the power multiplied by its distance from the 

fulcrum, is equal to the weight multiplied by its distance 
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from the fulcrum, together with the whole weight of the 
lever multiplied by half its length ; the lever being con- 
sidered uniform throughout its length. 

Esc. 1. Given the whole weight of the lever 9 lbs. its 
length AC=i6 feet, a weight of 100 Ib^. is put on at 1| 
feet from the fulcrum ; it is required to determine the 
power acting at A which will keep the lever in equilibrio. 

Now 100 lbs. X 1 J feet = 150 = the weight multiplied by 
its distance. 

9 X 3 = 27 = the weight of the lever multiplied by half 

its length. 

150 + 27 
Hence ^ =29|lbs. is the weight or power acting 

at A which will keep the whole in equilibrio. 
Or thus, by note to Art. 47 : 
6 : 100 :: 4| : 75, the weight upon the fulcrum from the 
action of the weight. 

6 : 100 rill: 25, the power at A which will just sup- 
port the weight. 

And the lever being uniform, its whole weight must be 
eonsidered as acting at the middle of -^C; therefore the 
fulcrum will bear one half of its weight, and the power 
must support the other. 

Consequently 75 + 4J = 79^ lbs. weight upon the fulcrum. 
And 25 + 4| = 29| lbs. the power necessary to keep the 
whole in equilibrio, which is exactly the same as before. 

Ea. 2. A beam, the weight of which is C A 

12 lbs. and its length 18 feet, is supported at /^^ /^\ 
both ends ; a weight of 36 lbs. is suspended K^ ^-^ 
at 3 feet from one end, and a weight of 24 lbs. at 8 feet 
from the other end ; required the pressure on each prop 
or support. 

For the sake of simplicity, suppose the 36 lbs. weight to 
be suspended at 3 feet from the end C, and the 241bs. at 8 
feet from the end A. 

Then, 18 : 36 :: 15 : 30 lbs. the pressure on the support 
C by the action of the 361bs. weight. 



l...-.:.i ... A.V1» 



i\»i Li.?, t.i 



: j* fii:ni:r*: C from 



t. I i)i ■ i'.*j i!) . :n- ^i^.;^. ... i.ir 5ucr«:r: _ frnm both 
II . \\a . 

', . \ ' .;:..: : -. ; .;.i5-:i.- CQ the supjinn ^ from 

,o . 1 . ?:■.;. ! s. ••.•.>surc cu the sij'Tiort ^:/ from 

:i\ ) . : i- wiiole pressure :r. "Jijf support A 



I . I 



.'i {'no lever aiiei :.: each of the 

• .. . . iv fj- \\iu»Ic prt'ssure on ei:L S'Upport. 

1 , ! :; ■ .''^. whole pressure on the support C. 

• . i . ■ ".. ilu' whole pressure on the support -4. 

M -..^'iv' Kngth of the Ig; 

. . u.i:;hl l.'ilbs. a Fp 

■.iKii'il at X* :oc: r 

I . ; wiiJit power. T. 

■ ■ '.\.- v»ihei- ciui ./. ^ 

,.:i:ihiio .' ^ 

'..■ ili^ianeo of the power from 

.)0 :: \? : llflbs, the power 

III. ahuic ; and since the centre 

■ 1. I I iVoiii the power, and 5 feet 

n. .v.vNaiv to sustain the lever. 
• ■ til j'v'wvi- required to sustain 

.» tiiul I l»o weight sustained 

. i»* .ulion of the weight. 
I. uiui of the lever. 
», li.'U" pressure on the 

.vi ihi' lever of (he 
.■a ai iu Art. (27). 
'i NNi- have 






J' = 

c : 

I 

* Tr~ 

r = 



Wiier. Tr= i.. 0^ lat paws: lus" ehkilhi: iii: if^r; "«■•. 

r 7 

hare -F = f c i. aiiL t = ^^ T; 

If -P^ C'j lilt frziTTTsafiioi. icr ^ j.- m:" os&il,:-. zuc'rc-iJTi 
the ecnidji. iar J HLnmii.- c: i t- — -r- -:-. z:_ .n- Tr. 
Gregorr's Keciianici jLn ci. U:-. I--rT-?: v.^f^ 5 1.. a 

Take Hxampi* 1 . an£ il zii£L' ciist 'F~=j«m. r=rf. 

We wiL ijert r.^^f at esampit vneL l bean, k supporifx 1*7 
twopD5aorpr:ip£.iisiiije: o: viiiriLHTf-a: tiiesno* or'zut iieair.. 

£r- 4- A usEiL^ iiif vsixi* a: ▼"hicL it S4 lc&. an£ ir* 

lengii A£^=^J ieei. it BUDuansL v^ rwr -=-. ' ^ J_^ 

posts at C anc -& : iiie ais:£ii:^ of irif fiii£ "^ 

J[ from C^ 1 1 feel- tTi£ litt disiaiiM a: ^Dt - — 

end JB iroxn D^=^f itsti : a varii: of 1 3^'» I'l^. i* susjiniaei 

at £. 2 feet from C: reqxiirt*! :"ne presscrf ot eaci p«ii. 

Xow, lJ-r2|=:4 = _iC-r J i?fEii£2i'-4 = 16i=f A 
the distance between the props jt pasis, 

♦ dP EJ -'- = 

da"" fl - i 
• - ^ . or a - ^ • 

c ■ 
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18 : 24 :: 8 : lOflbs. the pressure on the support C 
the action of the 241bs» weight. 

30 + 10| = 40|lbs. pressure on the support C from 
weights. 

And 18 : 36 :: 3 : 6 lbs. pressure on the support A : 
the action of the 36 lbs. weight. 

18 : 24 :: 10 : 13^ lbs. pressure on the support A ] 
the 24 lbs. weight. 

6 4- 13J= 19^1bs. the whole pressure on the suppo 
from both weights. 

Now half the weight of the lever added to each oi 
above sums will give the whole pressure on each suppc 

Thus, 40| + 6 = 46§lbs. whole pressure on the suppo 

And 19i + 6=*2541bs. the whole pressure on thesuppc 

Ea:. 3. Given the whole length of the 
lever ^C= 10 feet, its weight 15 lbs. a 
weight of 501bs. is suspended at 2 feet 
from the fulcrum or end C; what power, 
acting at 3 feet from the other end A, 
will keep the whole in equilibrio ? 

Now, 10 — 3 = 7 feet, the distance of the power 
the fulcrum C; therefore 7 : 50 :: 2 : 14flbs. the 
necessary to balance the weight alone ; and since the 
of gravity of the lever is 2 feet from the power, and 
from the fulcrum, we have 

7 : 15 :: 5 : lO^lbs. the power necessary to sustain tlu 

And 14f + 10|=251bs. the power required to 
both weight and lever. 

In the same manner we may find the weight su> 
by the fulcrum. 

Thus, 7 ; 50 :: 5 : 35 fibs, from the action of the v 

And 7 : 15 :: 2 : 4f lbs. from the action of the lev: 

Therefore 35f + 4f = 401bs. the whole pressure < 
fulcrum or end C. 

30. We may now deduce formulae for the lever 
second order, retaining the same notation as in Art. 

We have Pa= Wb + ia^c, from which we have 
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the valvess^CBsS inches^ weight of the lever 4 lbs. and 
the diameter of the valve 3 inches ; what weight must be 
put on at By the end of the lever, to give 40 lbs. per square 
inch upon the valve ? 

Here 3* x .7854 = 7.0686, area, or number of square 
inches in the valve ; but if we take 7 square inches, it wlVV 
be near enough in practice. 

Then 7 x 40 = 280 lbs. the weight upon the whole valv-^ 
and the weight of one inch in length is f-^ = |lbs. 

By Formula 2, in the lever of the third order, 

IT-—- *^ 

6 2' 

Here P — 280 lbs. a = 3, 6 = 24, and c = J lb. 

That is, 331hs. put on at the end of the lever, will give^ 
2801bs. upon the whole valve, which is 401bs. per square 
inch. 

We must now mark the lever in the points where there 
will be 10, 20, and 30 lbs. per square inch respectively. 

To do this, we have the weight 33 lbs. the distance AC 
= 3 inches, and when there are 10 lbs. per square inch 
upon the valve, then 7 x 10 = 70 lbs. upon the whole valve 
= P, to find what distance from the fulcrum the weight 
must be placed to give the above-mentioned pressure. 

Here, in this case. Formula (10) is applicable. 

- PfL-J_^^ _ 70 x3-^x24^x ; _ 210-48 _ 
^"" >r " 33 "33 '^ 

inches. 

That is, li AD be taken = 4.9 inches, the weight of 
331bs. placed at D will give 701bs. upon the whole valve, 
or lOlbs. per square inch. 

In like manner, we must find how far we must move the 
weight along the lever from D towards B to give 20 lbs. 
per square inch. 

Here 7 x20= 1401bs. upon the whole valve; therefore 
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if we substitute 1401bs. for P in the above formula, we 
have 

r= ^1 ^ = 11.27 inches = ^£. 

Also 301bs. per square inch, multiplied by 7, gives 

210Ibs. the weight upon the whole valve ; and this put for 

P, we have 

210x3- Jx24«xi A^ aci' x. AT? 

r = ^ 2. =17.63 mches = ^i^. 

Therefore if you want 10, 20, 30, or 40 lbs. per square 
inch upon the valve, the weight of 33 lbs. must be at the 
distance of 4.9, 11.27, 17.63, 24 inches from the fulcrum 
A respectively. 

THE WHEEL AND AXLE. 

32. The wheel and axle consists of a wheel having a 
cjlindric axis passing through its centre. 
The power is applied to the circum- 
ference of the wheel, and the weight 
to the circumference of the axle. 

In the wheel and axle, an equili- 
brium takes place when the power 
multiplied by the radius of the wheel 
is equal to the weight multiplied by 
the radius of the axle ; ot P : W :: 
CA : CB. 

For the wheel and axle being nothing else but a lever 
so contrived as to have a continued motion about its ful- 
crum C, the arms of which may be represented hy AC 
and BCy therefore, by the property of the lever, P : W ii 
CA : CB. 

33. K the power does not act at right angles to CB, but 
obliquely, draw CD perpendicular to the direction of the 
power, then, by the property of the lever. Pi W:: CA : CD, 

The capstan, the windlass, and various other contrivances 
of a similar nature, such as the gimlet and auger for boring 
holes, &c. may be referred to the same principle. Also, 
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the crank, as used in the steam engine, is a species of 
wheel and axle. If the force which acts upon a crank 
presses it directly up and down alternately, the effect^ 
compared with what would take place if the force acted at 
right angles to the crank all round, is as twice the diameter 
of a circle to its circumference, or as S : 3.14159. 

Therefore, to determine the mean length of crank, we 

must multiply the whole length of the crank by ^ 141 go 

or .6366 ; that is, when a given force is applied to a given 
crank as above, to raise a weight, the same effect will be 
produced if the force be applied at right angles to a crank 
the length of which is equal to the length of the given 
crank multiplied by .6366. 

34. When two weights sustain each other by means of a 
wheel and axle, the thickness of the rope by which each 
weight is suspended must be taken into the account. We 
must add half the thickness to the distance at which P and 
W act respectively. Therefore if iJ = radius of the wheels 
r = radius of the axle, and t = thickness of the rope, then 
we have P: W 11 r+\ti R+lt. 

- ^ - M + ^t 



] 



0) 

(2) 



w 

M=p{r + ^t)-^t. ... (3) 

r=^iB + it)-it ... (4) 

35. If the wheel be acted on by a power instead of a 
weight, then the above proportion becomes P : W:i r -\- J/:.B. 

...p=^>±ii) (5) 

"^-^t (6) 

ii=^^-^) (7) 



\ 

\ 



r 
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r = — nr? \t .... 
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(8) 



86. In the case of two weights P and W, if the thickness 

of the rope hy which P is suspended is not the same as the 

thickness of the rope by which W is suspended, then, if we 

put T for the latter thickness, and t for the former, we have 

P: W'.:r + iiT:R + \t. 

. p=^(^+JIL) (9) 

R=y{r + \T)-ht . . (U) 

37. By a combination of wheels 
we may multiply the power to 
any extent whatever, by making 
the lesser wheels to turn the 
greater* 

A combination of wheels and 
axles is the very same in principle 
as the combination of levers, given in Art. (20) ; therefore 
P: W:: the product of the radii of all the axles : the 
product of the radii of all the wheels. 

TT 7>— ^ ^ ^^ product of the radii of all the axles (\^^ 

nence ^ — ^^ product of the radii of all the wheels ' * * \^'^^ 

*jr __ P X the product of the radii of all the wheels t\4t\ 

'^ the product of the radu of all the axles * ' ' \* / 

Or, since the number of teeth in wheels are as their 
radiii 

P I W:: the product of the number of teeth in all the 
pinions : to the product of the number of teeth in all the 
wheels. 

, P _ ''^ ^ *h® product of the number of teeth in all the pinions / ■ ^\ 
• • "^ Uie product of the number of teeth in all the wheels > ^ 

-or ^^ P X the product of the number of teeth in all the wheels /1g\ 
'^ the product of the number of teeth in all the pinions V / 
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the nth part of the weight, or P : W:: I : n. The pres- 
sure upon the hook -4 or -B = P + ^T or (« + 1) P. 

4}2. If, instead of the same cord going 
round all the pulleys, each pulley hangs 
by a separate cord, then, to obtain an 
equilibrium, P : W :: I : 2", n being the 
number of movable pulleys. 

P: weight atP:: 1 : 2 
weight at B : weight at C : : 1 : 2 
weight at C : weight at 2) : : 1:2 
/. P : W:: 1 : 2 x 2 X 2, &c. :: 

Cor. Hence 2»P= WT, or P= Tr-r-2« 

43. When the strings or cords are not parallel to each 
other, but form the angle ADE, then P : Wvi 1 : twice 
the cosine of the angle of inclination of the direction of 
the power to the direction of the weight. 

For produce AB^ the direction of the power to 2); 
and from C, the centre of the movable pulley, draw CB 
perpendicular to CD, the direction of the weight; then 
let DB represent the force in the direction 2)J5, and 
resolve it into DC^ BC, and DC will be that part of 
it which is effective in sustaining the weight; and since 
the cord JEF sustains the same weight that the cord AB 
sustains, the whole weight sustained by the cord EFBA 
will be represented hy 2 CD, consequently P : W::DB 
2 2 CD : : 1 : twice the cosine of the angle BD C. 

Example, If a weight be sustained by 
a power which is attached to a rope going F<s 
round a movable pulley, and making an 
angle of 30® with a vertical line passing 
through the centre of the pulley, what 
proportion does the power bear to the 
weight? 

By Art. 43, P: TT:: 1 : 2 cos. 30'; 

But cos. 30''= I x/ 3; 

/. P:W::\ : v^ 3. 
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V lie angle i?Z>C=45", then since co3.45*= J v'Sj 
we hare P: IF t: I z V ^* 
If tlie angle BD €' = 60% its cosine is | j 

.% P: Wt: 1 : !; 

Hence the power and weight are equal- 

If the weight of the movable puUej be taken into con- 

sidemtion, then P= ^r „ ^ -^ | «^ being the weight of 

the pulley, X 

There is a system of three movable 
pulleys and one fixed, as shown in the 
figure J the strings are attached to a 
rod ^B^ which is required to be sup- 
ported by a single cord X; where must 
the cord be applied so that the bar ^ 
may remain horizontal, all resistances 
being omittedj the weight W=5 cwt., 
diameter of each pulley = 8 inches, 
and weight of each pulley = 3 lbs* 

AC=i2 inches, JB^^IG inches^ 
^^ = ^0 inches. 

560 4- S 
tension atB= — ^' ^ S8l , 5 lbs, 

tension at Zi= ^ — '^— = 142.^5 lbs. 



3 



tension at C= ^ ^'^ ^ ^ =72.fig5lbs.= J. 



X=7T'+P+4x 3 = 560 + 72. 625 + 12 = 644.6:35; 

then, by the equality of moments, AXx X=:ACx C 
■\-ADx D + AJixB; 

.\ 644.625A X=i2 X 72.6:i5 + lG X 142.^5+20x281.5 

=871 . 5 + 2276 + 5630 = 8867 .5. 



.J A' =13.7 inches. 
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Theie is m mtem of tonr pollejs, as 
shown in the figure, the eztiemities of 
the string pasnng oter these betDg attached 
to a bar AB, firom which is so^ended a 
weight 1F= 5 cwt. to be raised ; the pul- 
leys are of the same weight and dimen- 
nons as in the preceding example. It is 
required to determine from what pcnnt X 
the weight W must be suspended so that 
the bar AB may remain in a horizontal 
position whilst the bar is being raised. 

jiB^lZ inches, ^D = 8 inches, AC 
=4 inches. 

tension at B^=x 

tension at D= Sx + 3 

tension at Cs= 4x + 9 

tension at -/f = 8x + 21 

Nowl5;r + 33 = 5e0; 

.•. «= -TT-=85.13S. 

tension at ^ = 35. 133 
tension at i)= 73.2^ 
tension at C= 140.532 

.-. 560^X=4x 140.533 + 8x73.266 + 12x35.133 

= 598.133 + 586.133 + 421.599 = 1605.865; 

.-. ^X= 2.8675 inches. 




THE INCLINED PLANE. 

44. The Inclined Plane is a plane inclined to the hori- 
zon, or a plane which makes any angle C 
whatever with an horizontal plane. 

45. If a weight W be sustained 
upon an inclined plane by a power P, 
acting in a direction parallel to that A^ 
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Or thus, bj eqo. 1, P= — rg — = 360 lbs. as before; 

and byequ. 4, p'^^9^^ ^iSOlhs. 

46. If the power, instead of acting 
in a direction AC, parallel to the 
plane, should act in a direction 2)^, 
making any angle ED C with it, then 
the power, weight, and pressure 
against the plane, are respectively as 
DE, EB, and DB,^ for the weight -^ 
W may be considered as kept in equilibrio by three forces 
acting in these directions. 

Therefore the power P i W .i BE : EB :: sin. DBE 
or sin. CAB\ : sin. EDB. 

P : pressure against the plane P' :: DE : DB :: sin. 
CAB ism. DEB. 

Also, the weight W : pressure against the plane P' :: 
EB \DB\\ sin. EDB : sin. DEB. 

w *k B JV.DE W. sin. CAB 

Hence the power P= 




Pressure P'= 



Also, P'= 



EB 

P.DB 
DE 

JF.DB 



sin. EDB ' 

P. sin. DE B 
sin. CAB ' 

ff. sm. DEB 



(1) 
(2) 

(8) 



^i^ sin. EDB 

Cor. 1. When the power acts in the direction De, pa- 
rallel to the base of the plane, the three above proportions 
become 

P: W::De:eB:: BCX : AB :: sin. CAB : cos. CAB. 
P:P'::De: DB :: BC : AC :: sin. GAB : sin. 90. 
W: F -eB: DB i: AB : AG : : cos. GAB : sin. 90 



^ DB in porjiii'Thli' 


n.lartHiH 


^^■W^'->i 


Ml,cU, 


f The inmghr ( 


^ ' /^^^^^^H 


^^^B' 


' liwiplee, and are 


ijvidtmtlj dmilar. 




^^^^^liMk 




t The iritLii«l|^ 




■ 


u 



AB ~ COB, CAB ' * 

^- ^:BC ^ dn.CAB ^*> 

4, „, W,^C y: sill. 90* .^v 

CV. S. Tlie leieit poirer will be neeessafy to sustdii a 
*^eii weight wbem it acts in a directmi pftraUel lo ihe 

PWe. fof^ bj eqiu 1, P= ^?i%5^, and since If 

^** sin- C^5 are both given, therefore P is propartional 

ai"~r7r» * ^^*^ ^*^' evideoUj ha the least possible when 

*^ ^D^ is the greatest j that i% when ^2)5 is a right 

^le, or £i) coincides with CD. 

^^, 3- The pressure against the plane wilt he greatest 

*^eii the power acts in a direction parallel to the base of 

tk^ , r t. an* P*mj}^ DEB J 

'•^ plane; for, by equ. g, /^ = — -. — - ^ „ , and snp- 

I^Osing P and the sin. CAB given, then P' is proportional 
^'^mi. DEB^ and is therefore greatest when sin, DEB is 
%he greatest; that is, when D EB is a right angle, or when 
J)E coincides with De. 

Es!. L If a weight of 150 lbs. be sustained on an in- 
clined plane bj a power acting in a direction parallel to 
the base of the plane, the length of the plane being 10 feet, 
and the base 8 feet, required the pressure against the planei 

Wx AO 
By Art. (46), Cor. 1, equ. 6, we have P'«i — -j^ — . 

Here TF= loO, ^C=10 feet, ABt=^H feet; hence 

P'=*^^ = l87|lbs. 
— 8 ^ 

ia?t 2, Compare the pressures against an inclined plane 

ill tlie two following cases ; 

1st When a body is sustained on an inclined plane by a 

^er acting parallel to the plane. 
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THE WEDGE. 



47. The Wedge is an instrument made of iron or some 
hard substance. Its form^ in the most useful cases, is that 
of a prism contained between two isosceles triangles, as 
ACB. 

48. In the wedge A CB, if the power acting perpendi- 
cularly to the back AB is to the force acting perpendicu- 
larly against either side AC or BC, as the breadth of the 
back AB is to the length of the side AC or BC, the 
wedge will be in equilibrio. 

For, by Art (3), Cor. 2, when three forces are in equili- 
brium, they are as the corresponding sides of a triangle 
drawn perpendicular to the directions in which these forces 
act. But AB is perpendicular to the direction of the force 
against the back, and AC, BC are perpendicular to the 
forces acting against them ; therefore the three forces are 
asAB^ACBC. 

Cor. If we take into the account the resistance at both 
sides of the wedge, then, if there is an equilibrium, the 
power at D is to the whole resistance as the back AB is to 
the sum of the sides AC, BC, or as AB to 2 AC or 
QBC. 

In general, the wedge is used for splitting or cleaving 
wood, and separating the parts of hard bodies, by a blow 
from a hammer or mallet. The force impressed by per- 
cussion, or a blow on the back of the wedge, produces an 
effect incomparably greater than any dead weight or pres- 
sure, such as is employed in the other mechanical powers. 
And it may also be observed, that the wedge is seldom 
urged otherwise than by percussion ; and very little can 
be gathered from the theory, but that the thinner the 
wedge is, the greater is its power. 
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= 3 feet, and the distaoce between two of the threads 2 
inches ; to find what weight a man would be able to sustain 
wlien be acts at P wiih a force of 150 lbs. 

Now 6 feet = 72 inches, and 72 X 3, 1416 = 226;I952 
inches 5=^ the circumference described bj the power j there- 
fore, bj Art (50), 

P: Wti 2 z 226.195^. 
ButP=1501bs, hence W= ^^' ^^^^ "^ ^^ = lG964.64lbs. 

When the screw is applied as in the figure below, it i» 
called an endless screw ; we have here also a combination 
of wheels, and, to obtain an equilibrium, we must bate 
recourse to Art- (37 ), from which we have, 

Fx2AC%3.U16x radii of all the wheels = IF x dis- 
tance of two threads x radii of all the pinions* 

Ju^r* 2, If the endless screw be 
turned by a handle AC of 20 inches^ 
the threads of the screw being distant J 
half an inch each; and the screw turns 
a toothed wheel J^, the pinion L of 
which turns another wheel F^ and the 
pinion of this another wheel G, to the 
pinion or barrel of which is hung a 
weight fVi it is required to determine 
what weight a man will be able to sus- 
tain who acts at the handle CD with 
a force of 150ibs.., supposing the dia- 
meters of the wheels to he 18 inchesi and those of the 
pinions and barrel 2 inches. ♦ 

From what has been premised, we have 150 X 40 K 
Sa41Cxl8^^rrxix2\ 



n^i 



y £ 



Heuce W = 



150x40x3.1416x18' 109930867.3 



= 274827 1 G . 8 lbs. or 1 2269 tons. 
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iherefore all the force also with which it endeavours to 
descend. 

Cor. 3. If a body be laid upon a plane j^ 

<?-B, and one end A be gradually raised up, 
the body will slide down the plane if the 
perpendicular CD fall within the base; but 
if the perpendicular fall without the base, 
the body will roll down the plane. 

It may be remarked here, that an equilibrium may take 
place when the centre of gravity is at the highest point to 
which it can ascend ; but then this is only a tottering equi- 
librium, which the least motion will destroy ; and the body 
or system, after the equilibrium is destroyed, will vibrate 
till the centre of gravity has obtained the lowest place of 
its descent. 

54. The common centre of gravity C of any two bodies 
Ay By divides the line joining their centres 
into two parts, which are reciprocally as 
the bodies. AC: BCi: Bi A. 

For if the centre of gravity C be supported, the two 
bodies A and B will be supported, and will rest in equili- 
brio. But by the proporty of the lever, when two bodies 
are in equilibrio about C as a fulcrum, we have Ax AC 
^B X BC, or AG: BCiiB: A. 

Cor. Hence, by composition, A + B : B :: AB : A C. 

To find the centre of gravity of any number of bodies con- 
nected toy ether by inflexible right lines without weight. 

55. Let Ay By C, Z), represent the bodies, 
the centre of gravity of which is required. 
Join any two of them, as A and B, by the 
right line AB ; which divide in Ey so that 
A+B : B :: AB : AE; and by Cor. to 
the last Art. E will be the centre of gravity 
of A and B, We must now suppose the sum of the bodies 
A and B to be collected in Ey and join E, C, by the right 
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bid the centre of gravity of the area of a 
, parallelogram, 

sect AB'm E, and AD in G ; draw EF parallel 
id 6r^ parallel to AB\ their a E B 

)n is the centre of gravity 
For EF bisects every right 



H 



3an be drawn parallel io AB\ ^ ^ ^ 

the centre of gravity must be somewhere in EF. 
bisects every right line that can be drawn parallel 
herefore the centre of gravity must be somewhere 
e GH. But it can only be in both these lines 
s at 0, their point of intersection; therefore O 
itre of gravity of the area of the parallelogram 

find the centre of gravity of a triangle. 

t ABC be any triangle, and from any two of its 
and C draw the right lines CD C 

;o bisect the opposite sides in D y^i\ 

hen will tlieir intersection G be y\^4$' 
J of gravity of the triangle. X \ / ^^" , 

:e CD bisects AB, it will bisect A D B 

ht lines that can be drawn parallel to AB; that 
B parallel sections of the figure ; therefore the 
gravity of the triangle lies in CD. For the 
on, it also lies in BE ; consequently it is in G, 
mon point of intersection. 

>in DE^ which will be parallel to BC, and equal 
If of it, and the triangles BGC and EGD are 
therefore, since DE=^^BC, DG=^k CG, or 
^D. In the same manner, B G^^B E. 

find the centre of gravity of a trapezium. 

^ide the trapezium ABCD into two triangles by 
nal BD^ and find the centres of gravity E and 
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same distances from the origin as are the centres of gra- 
vity of the parallelogram, triangle, and trapezoid, which 
are vertical sections of the respective solids. 

6. In a cone, as well as any other pyramid, the distance 
of the centre of gravity from the vertex is f of the axis. 

7. In a conic frustrum, the distance on the axis from 

i. 1. , 117 3R' + 2Rr + r' , 

the centre of the less end is in, —zrz — -= ;— , where n 

Ir + Itr + r' 

denotes the height, and R and r the radii of the greater 

and lesser ends. 

8. The same theorem will serve for the frustrum of any 
regular pyramid, taking R and r for the sides of the two 
ends. 

9. In the paraboloid, the distance from the vertex is J 
of the axis. 

10. In the frustrum of the paraboloid, the distance on 

the axis from the centre of the less end is A A. ^5-, ^ 

^ R*+r* 

where h denotes the height, R and r the radii of the greater 
and lesser ends.* 

JSx, 1. Given the weights of two bodies 50 and 20 lbs., 
and distance asunder 35 feet ; how far from the larger body 
is their common centre of gravity ? 

By Art. (54), Cor. 50 + 20 : 20 :: 35 : 10 feet. 

Therefore the centre of gravity is 10 feet from the larger 
body, and 25 feet from the smaller body. 

Ha;. 2. If three equal bodies be placed at the angles of 
any triangle, prove that the common centre of gravity of 
these bodies is in the same point with the centre of gravity 
of the triangle. 

The bodies A, B, and C, being all equal, the centre of 
gravity of any two of them, suppose A and B, will be in 
Z), the middle of the side AB. The bodies A and B must 
now be supposed to be both collected in D, and join 2), 
C, by the right line DC; and since A + B = 2Cy then, by 

* The above are collected from the Mechanics of Emerson and Dr. Gre- 
gory. 




PRACTICAL MECHANICS. /i? 

the quotient will give the distance of the centre of gravity 
from the end where the weight is suspended. 

Ex. 5, If the height of a cylinder be double the dia- 
meter of its base, what is the angle C 
of inclination of its axis with the "*. 
horizon when it is just ready to fall 
over ? 

By Art, (53), Cor. 1, the inclina- 
tion of the axis of the cylinder must 
be such that a perpendicular, drawn a B H 

from the centre of gravity G of the cylinder, will fall just 
on the extremity A of the base. Produce the axis of the 
cylinder to B] then the triangles GAB, AEB, and AEG, 
are all right-angled and similar, by Euclid, Book 6, Prop. 
8; and since the altitude of the cylinder is double the 
diameter of its base, GE = 2AE, consequently the angle 
GAE=i twice the angle AGE, whence the angle GAE=^ 
60°, and the angle ^G^ = 30^ but the angle GAE is 
equal to the angle ABE, which is the angle of inclination 
of the axis of the cylinder with the horizon ; therefore 
the axis makes an angle ABE of 60° with the horizon. 

Also, since the angle A GE is equal to the angle BAE, 
the base of the cylinder will make an angle of 30° with the 
horizon. 

If the cylinder be oblique, then CA will be equal to 
the altitude of the cylinder ; but C -^ is equal to twice 
HA, therefore GA is equal to twice BA; hence the angle 
GBA is equal to twice the angle BG A. Therefore the 
angle GBA, which is the angle of inclination of the axis 
of the cylinder with the horizon, is 60**, the same as above. 

Examples for Practice. 

Ex. 1. A weight of l^lbs. laid on the shoulder of a 
man, is no greater burden to him than its absolute weight, 
or 24 ounces; what difference will he feel between the 
said weight applied near his elbow, at 12 inches from the 

I 
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Calculation : — 

Z. CAN=180'^LMAC 

= 180*-(25* + 98') 

= 57' 
AN= AC XC0S.5T 

= 10 X. 544639 = 5. 44639 
AM^ABx COS. 25* 

= 4 X. 9063078 

= 3.6252312 

The moment of Q about point -^= the moment of P 
about A* 

.-. ANxQ^AMxP 

.-. 5.45e = 3.62x28 

3.62x28 
''• ^"" 5.45 

= 18.6 lbs. 

Ex. 3. If a weight W be sustained on a horizontal 
plane by three props which are not in the same straight 
line, the pressure on each will be the same as if a single 
weight were laid on it, so that the sum of all ^ 

the three weights were equal to Wy and their 
common centre of gravity the same with the ^ 
centre of gravity of that body. 

If the props be A^ B, C, and if W be placed A E B 
with its centre of gravity at D, and \i ADG^ BDFy 
CDE, be drawn, then the pressure 

onA= j^ X W, 

DF 
on Ji= -^ X TF, 

CDE -rrr 




. lliJjKilTICAL .VXD 

. : . . : Lie s . : c :i t ae c w*n tre of gravi ty of the 

. i . . L- : rL'Saiirt? v;ti cicii of the props is the 

.IS . :5C. D(r :s i'ne-tliird of JG, DF ia 

I\ :ia !>E is one-third of CE\ therefore 

1 !-.! uiis I'iic-niiru of the weiirht. 

■ ' -III i I? supported on more than two props, the 

:i :)f)i\irs .) :. dill it uf innumerable solutions; bat 

■:;:i' I -.•v.virv .c /r, as it rests on the plane, be 

":i :j .-."'.•ro ot ^^ravity of the figure made by 

•s •.,' -^rops by straitrht lines, the pres- 

I ;v N ■•.' .. .juai to one another. 

. r.i^[j:ed along a river by ropes 

.•jv<::»j sides. The widtli of the 

' *' -■ -^TZ. 'f each of the ropes is 7:^ 




, 1,1. Mm, \.-i:» . I. ■£• .: I ^wt. on eacii 

A .. »;, . ,.1,'!: <'<\\\[x. 7, and complete 
."- ye>ui:ant measured 
•» ■ '.S. l.^vWt. nearly. 



t t3oi> = 67.5:2 

" ' . ; i9 nearly. 

I lenjzth, 
■••in ;ai* jf :he 
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^nd to keep it parallel to the horizon; what is the weight 
of the heani I 

Kale, — ^^lulilply the weight which is suspended at the 
end by its distance from the fulcrum, and take twice this 
product for a dividend. Then suh tract the square of the 
distance between the i'ulcrum and the end where the weight 
is suspended, from the square of the distance between the 
fulcrum and the other end, for a divisor. And if the 
above dividend be divided by this divisor, the quotient 

U give the weight of one foot or one inch in length, 
according as you take the length in feet or inches ; and this 
quotient, multiplied by the whole length of the beam, will 
give the whole weight of the beam, 

L Here 3 feet is the distance between the fplcrum and the 
■hd where the weight is suspended, and 8 feet is the dis- 
tance between the fulcrum and the other end. 

t^ , , , 2x2x224 

Bj the role J we have 






the 



weight of one foot in length of the beam j therefore i4\j 
X 10^ 149Jlhs, the whole weight of the beam, 
_ E^, 6. A weight JV of c 
m cwt, is suspended 3 feet 
from the extremity B of a 
cylinder 12 feet long and 2 pX 
inches in diameter, of such 
quality as to weigh 485 lbs, 
er cubic toot. At the point 
15 feet vertically above A 
is a pulley, and at j4 is a ful- 
crum on %vhich JB turns. 
Supposing ytB in a horizontal 
position, required to find a 
weight P that will balance 
the bar ? 

I Com i met ion : — Draw AC ^15 feet, join BO, and upon 
it let fall the perpendicular AD, which, measured from the 
lanie scale, will be 9*4 nearly, and siucqAB^12 feet. 



r^ 



./ 



tB 



-A.nd by the note at page 24, we ha?e 48 : J800 :t 30 : 
^S lbs, the weight borne bj the man who is nearest to ike 



18: 75 lbs, the weight borne bj the 




And 48 : 200: 

-^ii?. 8* If the altitude of a cone be double tlie diaJneter 
* its base^ what is the inclinatioQ of its B 
►^cxs with the horizon when it is just 
^^cij to fall over? 

13 J Art (53j, Cor. 1, when the cone 
P j ust ready to fall over, a perpendicular 
*^X3i the centre of gravity will fall on the 
^^ tremity J of the base* 

^rom the centre of gravity of a cone (page 46) we have 
^JD=iGJ}, and by the question BD^2AC^4ADi 
^^iice GD~AD, and therefore the angles GAD and 
^^ GB are each 45^ or half a right angle. But the 
^langles AEG, GAD, and DAE, are all similar (Euclid, 
^ook 6, Prop, 8); consequentljj the angle AEG^ which 
^^ the angle of inclination of the axis with ihe horizoDj is 
^^ ; and its complement, the angle DAE, which is the 
^ngle the base of the cone makes with the horizon, is 
also 45". 

Ex. 9, Two inclined planes AB and EC have the same 
height, and upon these planes two weights keep each 
other in eqnilibno in tlie same manner as in Example 3, 
page 46 ; given the length of the planes 30 and 40 inches 
respectively, and the horizontal distance AC between the 
feet of the planes 50 inches; required their common 
height J and the ratio of the weights, 

Male, — As the base or longest side is to the sum of the 
other two sides, bo is their difference to the difference of 
the segments of the base. And half the difference of the 
segments^ added to half their sum, gives the greater seg- 
ment } and half the difference of the segments, subtracted 
from half their sum, will give the lesser segment. 
Thus, 50 : 40 '^ 30 = 70 : : 40 - 30 = 10 : 14, the dif- 
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. let y>=9(M]0aML, die 
*>»« breadth CD =4 
*»^terial=130Uifc 

Then, by ' 

35. 

4.35x2000 = 8700= 

Ixl0x4x 130=4800= 
L^ the wall is here taken to he 

^ 4800x2=9600=1 
I Wall being greater thaa tbe 
wall will not be orertoined. 

Or, bj the second method, lakuig ady ah in tboosandths, 

have <i<f = 4.8, o6 = 2, and by completing the panllel- 

am abcdf and drawing the diagonal ac, and producing 

it downwards, it will meet the base CD'm I at the distance 

J foot from C on the inside, and consequently tJie pier 

stand. 
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14, 
ference of the segments of the base ; and — = 7, half i 

difference of the segments. 

Therefore 25 + 7 = 3^, the greater segment; hence 
is the lesser segment. 

Then V40'— 32'= 24, the common height of theplan 

And, by Example 3, page 40, P : W:\BC: AB. 

Here ^C = 40, and ^j& = 30; therefore Pi Tf :: * 
30 :: 4 : 3. That is, the weights must be in proportion 
each other as 4 to 3. 

Ex. 10, A cast-iron beam, of uniform thickness, and 
the form of a parabola, is supported upon two pins, one 
which is fixed at the vertex, and the other at the midd 
of the base ; required the pressure on each pin when t 
distance between the vertex and the middle of the base 
5 feet, the base 2 feet, and the weight of the beam 561h 

Here, in this Example, the centre of gravity is not 
the middle of the beam ; and by Form. 4, page 54, ti 
distance of the centre of gravity from the vertex rf 
parabola is | of the axis. 

Hence | x 5 = 3 feet, the distance of the centre of gi 
vity from the vertex. 

Now we must consider the whole weight of the beatit 
be collected in its centre of gravity ; and by note, page * 
we have 5 : 56 :: 3 : 33|lbs. the pressure on the pin wb 
is fixed in the middle of the base. 

And 5 \ 6Q:: 2 : 22 fibs, the pressure on the pin wh 
is fixed in the vertex. 

Ex, 11. To determine whether 
the pier ABCD will overturn 
by the action of a force P in a 
given direction. Produce the 
direction of the force to H, 
and from C let fall the perpen- 
dicular 72 C; then, in order that 
the pier may not turn on the 
point C, we must have P x EC 
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Ea:. 15. A weight fT of 4 cwt. is suspended from the 
upper extremity of an iron bar AB, 10 feet long, resting 
upon the ground aqd supported by a string JBC 15 feet 




long, at such inclination that -^C= 8^ feet. Wliat is the 
amount of the tension produced by the weight W upon the 
string SC? 

Construction : — From A draw AC =8 feet, from C with 
the distance CB= 15 feet, describe an arc; and from A 
with the distance AB= 10 feet, describe an arc intersecting 
the former in B, then AB will be the position of the bar ; 
let fall the perpendicular AE on BC, and BD on AD, 
which being measured from the same scale, will give 4.93 
and 3.8 respectively ; then 4.93 X tension = 3.8 X W, 

Calculation: — 

BC^:=AB'^+AC*'\-2ACxAD 
BC^^AB'-AC 



AD = 



2AC 

15»-10'-8» _61 
16 



2x8 
= 3.8125 
also in similar triangles A EC, BBC, 

AE:AC::BD:BC 
md BI)^ ^AB'-^AD' = t/85T56 = 9.25 



will inteiaect each other in :tie ;X>iaL^*^- .oin^i^ uul J*.i * 
produce FA to L\ ironi 't -itie ;enire ji .^lEnir it ne 
cylinder, let tkil the 7«pendicmar t/i. uul toib :? in: 
perpaidicuiar B L \ liao. 'rom. i iiaw J if lenMsntticsuar 
to EF; tdien AS a :«iaion )i tie --Diie^»-i..f a vni^nc *«' 
cylinder -r- W^ AL. 

2"x .78.34 X ^ < WO=.iS5W..i5i*.hfc = T«cnc n i^umiwr 

^jff. AK^ md .lil, vnen aieasorROi ^11 li: ijunii. "Xt W 
4.44, .62, and i.38 reanesrrreiy. 

.-. 4. 4* X :eiisian = «!}S -td-!? ^ ..« - M$ v f i« 
,-. :2iiaian = — : ^ 141^ iu^jivi\. 

GO. Frfcd'ic. if j-rnpnTiiamil to the prciuurr. Tlmt i»» 
eTerr t?:rrT-r rsriE—iir the Bazne, the {rictiuu xucxwutb^ »» 
the pressor* ixicre&ses. 

Thos, >T litfc DLffij Jf be placed ^ j, V. 

upon like horizontal plane AB\ I M ■ " ~ Vi 
since lie weight of the body, J/, \ B I 

is destroyed, it is erident, that J 

abstracting &om the resistance of [_^ i* 

the air, &:c. the body ooght to be 

put in motion by the slightest effort ; but it '\% prcvcuud 
bj the friction which is caused by the rubbing ot tbt; 
surfaces. Let a string fastened fct />, pi4»e over ili«^ 
pulley C; at the other end let iLerc U- a vkeij<lit i' 
sufficient to draw the body M along the burlkc*^ A U \ ^» 



i^ 



ODvious, inai. iiii* ^ci^ia*. * « i**^ «.•.——• — - 

that is, if we double tike meigbt of M. we shall U- ubU;^^ * 
to double the weight /^; or il if be tripled, i' inu;.* ^'* 
tripled also. The power P then ha*, to tlu- «^'***^** »..'i 
constant proportion, if we suppose thai tlu- s»aiKLt . ; • • ^ »''' 
change; and thi* is the «^« ^ wliich yst: an u> uu*l' • * 



■. iTinuii. 



■»«: *-* 



JKTTTSi ^JKS^ Iff 22SSTA2fC£. 
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fraction -pTTTt or p/ ^ , which is equal to that co-efficient. 

It is, therefore, the same for surfaces of the same nature, 

whatever he the actual amount of the impressed force P ; 

but diiferent for different surfaces. 

From the theory of, the inclined plane we can prove 

easily that /= tan. ; being the inclination of the plane 

to the horizon. 

For if a weight TTbe placed on an inclined plane; then 
^sin.d= component in the direction of the plane, and 
Wcos. component perpendicular to the plane ; then 

yW^ cos. ^= friction; now to find the inclination when 
the weight is just upon the point of moving, we have 

^ sin. ^ 

.%/= ^=:tan.d. 

" nf\a H 



COS 







There is a lever acted upon by two forces P and Q ; in 
the middle of the lever is fixed at right angles to it an 
axis 3 inches in diameter. CP being 9 inches in length, 
CQ 1 foot, and the limiting angle of resistance 30^, re- 
quired the relation between P and Q. 

In order that motion may ensue, the resultant of P and 
Q, must not pass through the centre of the axis. 

Suppose P to be on the point of preponderating. Draw 
the circular axis to a scale ; make the angle C8Jt equal to 




the limiting angle of resistance, on the same side of the 
centre as the preponderating force ; measure the distances 
PM and MQ ; then PM. P = QM. Q. 



THKflBFTICAL .JXl* 

i: lUi examui: in-: anstx rSIk.=^9i} : 1*31 and MQ 

nl.. b loun^ iroi:. tor same scair a? ibr circk- if measured 



j^{ i^rsi/i :n.s. ii^e: i: tn- stau bomsiixif: oe motion 

^ =: — ^^— = — - — = -J— =m«.6ctlDs. 

"^ .i:.'- — f5!..fH •.= !(.. 59 Ids. oat u nicnoii in this 

t 1. nt^ nee: oi im pom: o:' prepanderaiing, then 
:.ii: ::r.-:ua: -arxTi: c: resisianct wouic have been meBsnred 
Qi r:^ c.r.rjoi:t &i*i; o: tm centri towards Q. 
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P.PM-Q.QM 
P(a-^^=):=Qfb+ -,ILJ) 



Pa = Q6+ (P+ Q) yj*"^ ,. (1) 

where a s PC and i = Q C. 

If ilf be on the other side of the centre C, we have 

Pa=Qi_(P+Q).;p^.. 

When the directions of F and Q are not parallel, let 
them be produced till they meet, so that at the point of 
intersection they may make an angle 6 ; then the resultant 
instead of being P -f Q is by Art. (10), 

t/i>» + 2P.Q. COS. « + QS 

The coefficient of friction / is so small, that for all 
practical purposes we may omit /'; then equation (1) 
becomes 

orP=^* + (^+®)/''* 
a— /r 

62. When the lever is movable about a cylindrical axis, 
and the directions of the forces are inclined at any angles, 
the relation between P and Q m^y be determined geome- 
trically as follows : — 

L 
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Set off the whole to a scale. 

Let C be the centre of the axis^ and O the point where 
the directions of the forces P and Q meet; join CO^ bisect 
it in iVy and draw NL perpendicular to it ; make the angle 
O CK (on the side of the preponderating force P) equal to 



1 




the limiting angle of resistance ; draw CL perpendicular to 
CKy intersecting NL in i, from Z as a centre ; describe the 
circle 08 C, cutting the axis in 8\ join 08 and produce 
it to 5 ; then O jB is the direction of the resultant in a state 
bordering on motion. 

For since CK is perpendicular to OL, CK touches the 
circle, hence OCKis equal the angle OVC'm the alternate 
segment ; therefore Z. O VC is equal to the limiting angle 
of resistance; but the angle in the alternate segment 
-h Z- 8C = two right angles, since the quadrilateral 
OSCF is incribed in a circle; and L OSC+ L OST= 
two right angles. 

.-. angle in alternate segment + L 08C=L OSC-\- L OST 
Take away the common angle OSd and we have 
0/S 5r= limiting angle of resistance, hence the resultant is 
in the direction 08Ri when the lever is about to turn on 
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ils axis. Hence in the slate bordering on in0Uoiiy the 
resistance is in the directiuti BS^ and we have the Uiree 
forces P, Q, and M in equilibriuni* Take any poinl M in 
RS, and draw tbe perpendiculars J/ P and M Q^ and measure 
them from the same scalej tlieu Px J/P= Q H MQ* 

Of from O set off a distance Q ^ to the units of 
weight in Q^ and draw from Q a line parallel to OP meet* 
ing the resultant in M suppose; then QR measured will 
give the units in the power P. 

We have before observed, that the resultant of tbe forces 
must not pass through C; for tlien it would press perpen- 
dicularly through the middle of the axisj atid there would 
be no more tendency to turn in the one direction than in 
tbe other ; it is therefore evident that the resultant must act 
on that side of C, where the preponderating force acts^ for 
jiiotion to take place ; and as the axis is on the point 
slipping on the bearance^ the resultant mttst make with OS 
(figure page 71,) which is perpendicular to the surfaces in 
contact^ an angle equal to the limiting angle of resistance* 



£a?, 17* Three forces, which are to each other as 3, 4, 5, 
I act upon a point and keep it at rest| required the angles at 
which these forces are inclined to each other. 

Answer— 1I>6° 52'| 143^ 8'j and 90°. 

Eit. 18< Two forces, represented by 12 lbs* and 151bs» are 
inclined to each other at an angle of 60*; required tlie mag- 
nitude of the resultant, and its inclination to the greater. 

Answer — Magnitude, S3. 43; inclination to the greater 
force, 2G' ^\ 

H^, 19. A weight JF is sustained upon an inclined 
plane by three forces, each equal to J fF, one acting 
vertically upwards, another parallel to the plane, and the 
third horizon taiiy ; required the inclination of the plane^ 

Answer— 57' 7' 48"- 
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£^. 26, A piece of timber, S4 feet long, being laid over 
a prop is found to balance itself, when the prop is 10 feet 
from the greater end, but removing the prop to the middle 
of the beam, it requires a man^d weight of i^OO lbs. standing 
on the less end, and also a weight of 20 lbs, at a distance 
of 4 feet from this end, to keep it in equJHbrium ; required 
the weight of the tree. 

Answer— 1^0 lbs, 

Ex. £7. A circular hoop is supported in a horizontal 
position, and three weights, 3, 4, dibs, respectively are sus* 
pended over its circumferencej by three strings meeting in 
the centre, what must be their position, that they may sus- 
tain each other? 

Answer — One of the angles is a right a ogle ^ 

Ex, 28, A cone of marble 20 feet high, and the diameter 
of its base 6 feet, is standing upright in a gentleman's garden, 
upon a horizontal plane; required the portion of a rope 
with one end fixed at the vertex: of this marble cone, so 
that it may require the least force or weight to be applied 
to the other end of the rope to overturn it. 

Answer — ^The position is at right angles to the slant aide. 

Ex, ^9- The arms of a bent lever are as 1 to 7, and 
they are inclined to each other at an angle of IIS^'SO'; 
find a weight which, suspended at the end of the shorter arm, 
will balance Sh lbs, at the end of the longer arm, when 
the inclination of the longer arm to the horizon is twice as 
great as the inclination of the shorter. 

Answer— 50 ^^^ V^lbs, 

Em. 30. ACB ia an arc of 1^0" in a vertical position, 
resting on a horizontal plane, with iti5 concavity upv?ards ; 
find its position v^hen two weights of 8 and 12 lbs. 
suspended at the two extremities of the arc, keep it in 
equilibrium, (the arc being supposed to be without 
weight). 

Answer — It rests on a point 79'* 7' from the less weight. 

Ex* 31* If 6^ be the centre of gravity of a triangle, prove 
that the sum of the squares of the three sides of the 
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E^T. 51* A cone of marble^ the axiia of which is 20 feet, 
^nd base diameter 6 feet, stands on the edge of its base 
the axis making an angle of 60" with the plane of the 
liori^on; what must be the directioa and quantity of the 
least power, applied to its vertex, that will just sustain 
the cone in tliat position ? 

Answer — 1.37727 cwt- 

^x. 52* Required the solidity of the greate^st cone, the 
diameter of its base being (i feet, to just stand on an in- 
elioed plane, which makes an angle of 30* with the horizon j 
and find the highest point in its slant side where a weight 
coay be placed without overturning it ? 

Answer— 195.89. 

^^- 53. Find the centre of gravity of the frustum of a 
pyramid, a and b being the sides of the larger and smaller 
ends^ and c the height. 

Answer — Its distance from the larger end is 



4 a'-^ai^^b' 

Mx» 54v Give the calculation for Kxample 16^ page 68. 

^x, BBt A given beam is suspended from a point in a 
Tertical wall by a given string j find the position of equi- 
librium. 

JB^. 56. Three equal and uniform rods are equally in- 
clined to the vertical, their lower extremities befng united 
in a fixed hinge, and their upper extremities bj equal 
strings; find the tension of the strings, 

Mm. 57. Two equal and uniform rods, having their upper 
extremities connected by a hinge, rest on two pegs equally 
inclined to tlie horizon, the pegs being in the same horizon- 
tal plane; find the tension of the string connecting the 
extremities. 

Ea;, 5S* A body in the form of an equilateral triangle, 
has a side coincident with an inclined plane on which it 
stands; find tbe least inclination of the plane, tbaL the 
body may roll down, 

M 
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Or set off Oa= 180, and drawing aR parallel to jJfQ, 
and meeting OM produced in -B, then completing the 
parallelogram aRbO^ and measuring aR or Oh from the 
same scale, it will be found = 200. Or, in order that the 
lines may not be too long, take them in fortieths, then Oa 
will be 4.5, that is, i of 180, and o-B or Ob will be found 
to be = 5, that is, ^^ of 200. 

By Calculation, let POQ be the lever, the centre of 
the axis, and let the directions 
of the forces make any given 
angles CPQ and CQP with 
the lever; then the angle PCQ 
will also be given. Suppose P 
to be on the point of prepon- 
derating. Then from O let fall 
the perpendiculars OA^ OB^ 
O Fy on the directions of the 
two forces and their resultant. 
By the equality of moments 

P X OA^ QxOB + RxOF. 

Join AB, and let OA—a, OB^a^ OF—a^, CPQ^a, 
CQP = P, AB = b, ACB=^<p, radius of the axis = r, 
limiting angle of resistance =:0^ PO = l, OQ = /i. 

Then Pa = Qai+J2a2 

Po-Qoi=iia2 

But (Art. 10) JJ'=P'+ 2P.Q. cos. + Q» 

(Po- Qai)^= a\ ( P'+ 2P. Q.cos.^ + Q') 

PV-2PQaai+Q«a»,=:a%(P»+2P.Q.cos.^ + e^) 

= a\P' -{' 2 a'iP.Q. COS. <!> -h a'zQ' 

P'a'^a\P'-^2P.Qaa^-2a\P.Q.Qo^.if>^a\Q'-Q'a\ 
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Here/=2,/i=l,sin.a = sin.30= J,8in./3 = 8in.60=-3-, 

1/3 
/sin.a = 2x J = l, /,sin.60=l x -^ =.866,r = J.sin.O 

= .342, COS. 0=0, r'sin. eco8.e = 0, (7* = 1.74096, 

rsin.^0sin.'0 = .02924. 

Equation (3) becomes 

p _ Ix. 866 + .171 1/1. 74996-. 02924 

^ 1^.02924 ^^^" 

= ^x 180 = 201. 

Ea:. 60. A rough beam rests on a rough inclined and a 
rough horizontal plane, / being the co-efficient of friction, 
and i the angle of inclination of the plane ; find the pos^ 
tion of equilibrium. * 

-Ea?. 61. A round tower, 20 feet in diameter, and of the 
form of a cylinder surmounted by a cone, whose axis is to 
that of the cylinder as 1 to 8, is observed to have yielded 
10 degrees from its perpendicular position, and it is known 
to have reached the exact limit of safety ; required the 
height of the tower. 

Answer — 124.29 feet. 

-E;r. 62. Let radius of each pulley = r, weight of each 
pulley = w, and let there be », such pulleys forming a 
system such as is represented in the figure page 41. Let 
P be the force which will raise a weight W by this system 
of pulleys. Prove tiiat 



p=,^+(.-j.) 



£a:. 63. Two uniform beams of equal length are loosely 
connected at one extremity and placed across a given 
cylinder; find their position when they are in equilibrium, 
the pressure on the cylinder, and also the pressure at the 
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carpenter's rule, so that being freely suspended at one end, 
tbe lower arm when quiescent shall hang parallel to the 
horizon. 

Answer— 70* 3V 43^ 

£x. 68. A flat board in the form of a square is supported 
upon two props with its plane vertical ; determine its 
positions of equilibrium, friction being neglected, and the 
distance between the props being equal to half a side of 
the square. 

THE INCLINED PLANE WITH FRICTION. 

63. Let <l> be the angle the power makes with the plane 
whose inclination is a, then, by Art. (46), 

Pcos. ^±/5 = ^Tsin.a, by resolving the forces parallel 
to the plane. 

And Psin.^ + 5= TFcos.o, resolving perpendicular to 
the plane. 

Eliminating R the reaction of the plane, and we have 

P _ sin. a 4=y*cos. a 
fV "~ cos. <l> q:/sin. ^ * 

The upper sign to be taken when the friction acts up 
the plane, and the lower when it acts down. 

I. * r * a sin.5 

but/=tan.^= 3 

•^ cos.^ 

sin.d 

^ sm. a ^^ s cos. a 

P cos.c^ 



W . _ shv.5 . 

cos. 



, sin. 17 . - 

cos. 9 •+• ^^^ / % sin. 9 



sin. a cos. ^ sin. cos. a 

^ cos.dcos.^=Fsin.dsin.^ 

— sin, (g 1^ 0) 
" cos.{(l>±0) 
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If friction acU down the plane we have 

p= sin, (g + 0) ^r _ ^ 
COS. {(p — d) 

Now, if we wish to find the direction of the least tractiol 
we must make P the least possible ; but -P is llie least 
possible when the denominator h the greatest possible^ 
that is, when ^ — # = 0^ and therefore 



^^B 



(£) 



4 



The best direction is, therefore, when the power makes an 
angle with the plane equal to the limiting angle of r^' 
sis tan ee* 

If n^O, the plane becomes horizontal ; 

sin* 



P = 



(3) 



cos, {ff> — 0) 

and, for tlie least traction on a horizontal plane the direction 
must make with that plane an angle equal to the limiting 

angle of resistance. 

At Art. (40), Cor. 2, it was shown that the least pow, 
necessary to sustain a body on an inclined plane, was whu 
the power acted parallel to the plane, but in that^j 
friction did not enter into the calculation; whan fl^l 
is considered the above results hold good : it is neceitf 
however, to remark, that the limiting angle of 
will vary according to the nature of the road 
the road the greater that angle %vill he \ 
that when a horse draws a load along a 
should never be parallel to that plane^.' 
the road the nearer the directloii 
parallelism* On railways the line 






a) 



nearly parallel to the road^ the frictJ^^ 
small. 
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If the bodies are equal, we bave^ 

M : m :i F i v 
If the bodies mo^e with equal velocities^ then^ 

M; m :i Wx w 

If two bodies move with velociUea which are inversely 
as their quantities of matter, their momenta wiil be equal. 
For then J 

M I m %i V % V. 

And since the product of the extreme tertns of a propor- 
tion is equal to the product of the mean terms j we have 

If a body, the weight of which is 81hs< moves with a 
velocity of 10 feet per second; and another body, the 
weight of which is lOlba* moves with a velocity of 5 feet 
per second j then, 

Mim\\ 8x 10: 10x5;: 8; 5, 

That is^ the momentum of the former is to the momen- 
tum of the latter as 8 to 5, 

Or J if we take the momentum of the former to that of 
the latter as 8 to 5, and their velocities as S to 1^ then their 

weights are to each other as ^ to ■= , that is, as 4 to 5, 

And if the momenta of four bodies are as 1^ ^^ 3, 4j and 
their weights as S, 4^ 5, 6^ then their velocities are as 
1^34 \ \ Z % . - t. ., 

3' 4' 5 * 6 ' ^^ ^^ I ' 2 * 5 * 3 ' ^^' ^^ ^^^^' 

10, 15, \%,m. 

The battering-ram of Vespasian weighed, suppose, 
100,000 lbs. ; and was moved, let us admit, with such a 
velocity, by strength of hands, as to pass through 20 feet 
in one second of time \ and \\\i^ was suflicieni tu demulish 






•»...■»» JXL 3i -r-- 



. '.t: »!-:■: :r 






PmACTICAI. MBCHAKIOS, 



Far, ID anj given time, the momentum which is gene- 

'^Tated will be proportional to the force which genemes il. 

And since the force has the same efficacy in each instant 

of time, the whole momentum wiU be as the sum of these 

instantSt or whole time. Consequentlj, the whole momen* 

tiim^ or quantity of motion generated, is in the compound 

\ ratio of the force and time of acting. 

C&r* L The qnantitj of motion lost or destroyed in 

' any time, by a force acting in an opposite directions i» ^Iso 

in the compound ratio of the force and time. 

Cor, 2. The velocity generated or destroyed in any 

time, is as the force and time directly, and quantity of 

ft 
matter reciprocally ; that is» r is aa -^ ; where c denotes 

the velocity, / the force, and b the body, or quantity of 
matter* Far, by Art (TO), the momentum is as the 
quantity of matter and velocity ; Uierefore, the velocity is 
as the momentum directly and quantity of matter recipro- 
cally ; that is, by this Art., as the force and time directly 
and quantity of matter reciprocally* 

Cor* S. Hence, if the body be given, the velocity will 
be in the compound ratio of the force and time; and if 
the force be given, the time is in the compound ratio of 
the quantity of matter and the velocity, or as the momen- 
turn. 

74. If a given body be urged by a constant and uniform 
force, the space which is described by the body from the 
beginning of the motion is as the force and square of the 
time. 

For, suppose the time to be divided into an indefinite 
number of equal parts. Then, in each of these equal 
parts of time, the space described will be as the velocity 
gained ; that is, by Art. (73), Cor, S, as the force and 
time from the beginning. And the sura of all the spaces, 
or the whole space described, will be as the force and the 
sum of all the equal parts of time from the beginning. If 
Wc put ^^the whole time, the whole apace described 
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graTitj,* then the gpace deicribed ii as the squAre of the 
Telocity. The space is also as the square of the time. 
Henoe the rekxity is as the time. 

We may now show the application of these proportions 
to frUing bodies. 

oar GRATITY. 

76. Grayity is that power or force which causes bodies 
to approach each other. This universal principle, which 
pervades the whole system of nature, may be enunciated 
as follows. 

The mutual tendency of two bodies towards each other 
increases in the same proportion as their masses are in- 
creased, and the square of their distance is decreased; and 
it decreases in proportion as their masses are decreased, 
and as the square of their distance is increased. 

Thus, if any two bodies A and B be placed in free 
space at a given distance from each other, and if we sup- 
pose the mass of A to be double the mass of B^ then B 
will move towards A with double the velocity with which 
A moves towards B, 

Also, if at any given distance A tends towards B with a 
given force, at double that distance A will tend towards 
B with one-fourth of that force, at treble the distance with 
one-ninth of that force, and so on. 

Philosophers have formed theories of various kinds to 
account for this universal principle. Some have consi- 
dered that it is produced by particles emanating from a 
centre or centres. But, as Dr. Paleyf very justly observes, 
we are totally at a loss to comprehend how particles 
streaming from a centre can possibly draw bodies toward 

* The weighU of aU bodies in the same place are proportional to the 
quantities of matter they contain, without any regard to their bulk, figure, 
or kind. For twice the matter will be twice as heavy, thrice the matter 
thiice fts heavy, and so on. 

f We woold particalazly recommend to onr readers the pemsal of Paley'» 
Naiural Theology, it being a work replete with useful infonnation. 
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that centre. The impulse^ if impulfle there be, is all ibif 
other way. 

We are equally at a loss if we ccmsider that the efEsct ii 
produced by a conflux of particles flovring towards a 
centre, and carrying down all bodies along -with it; fiir^ if 
such a fluid exists, it must act very powerfully, and at the 
same time offer no resistance whatever to bodies movii^ in 
it, which is contrary to the known constitution of fluids. 

We are also utterly unable to conceive how one body; 
can act upon another at a distance, or, in other words, that 
a body can act where it is not ; and it appears no more 
ridiculous to assert that a body can act when it ceases to 
exist, than to assert that a body can act where it does not 
exist. 

Indeed, every hypothesis relating to the cause of gravifj 
is embarrassed with insuperable difficulties. It seems, as 
it were, to be among the arcana of the Almigh^ ; and, 
until a theory can be advanced which can clear up all 
these difficulties, it is more prudent to conclude, with the 
illustrious Newton, '^ that in the absence of the secondary 
cause of gravity, we may attribute it to the final cause of 
all things, the finger of God, the constant impression of 
divine power." 

TERRESTRIAL GRAVITY. 

77. Terrestrial Gravity is that force by which bodies 
are urged towards the centre of the earth, and it is mea- 
sured by the velocity generated in a second of time. As 
has been already remarked, experiments show that a fall- 
ing body describes 16 1 feet in the first second, and it has 
then acquired a velocity of 32 j feet, which is therefore the 
true measure of the force of gravity. 

There appears to be an inequality of the action of gra- 
vity upon different kinds of matter near the surface of the 
earth. But this arises entirely from the resistance which 
they meet with in passing through the air; for, in the 



PRACTICAL MECHANICS. 101 

exhausted receiver of an air-pump, all bodies fell equally; a 
guinea acquires no greater velocity than a feather; an 
ounce of feathers and a ton of gold fall through equal 
spaces in equal times, and will reach the bottom of the 
receiver exactly at the same instant of time. 

78. Since it is known by experiment that the space 
which a body describes by falling freely from rest is 16^^ 
feet in the first second of its fall, by Art (74), Cor. 1, the 
body will have acquired a velocity of 32 1 feet; that is, 
the body will- have acquired a velocity which, if continued 
uniformly, would carry it through twice the space in the 
same time, if gravity ceased at that instant to act. 

Put 8 for the space described by the body in any other 
time ty and v the velocity acquired ; and since the spaces 
are as the squares of the velocities, 

«:16L::«':(32i)'=4(16i!)';* 

16b»' «• _ . — — 

The spaces are also as the squares of the times. 
»: mi-.-.f: 1'; 

Also, the velocities are as the times ; that is, the velocity 
varies as the time varies. 






/. v = 32it; and^= ^. 



Collecting these : 



* The square of any quantity is equal to four times the square of half 
that quantity; thus 16-j^ is half of 32^; hence 4 {16^^=^ (32^)2. 
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\, and the product will give the space fallen through 

Feet. 

Example. — Through what space will a body fall in 10 

Dnds? 

10»= 100, and 100 x 16i = 1608i feet, 

ly the formula, 

= 16 i X t'= 16i X 10*= 1608 J, the same as before. 

en the space which a heavy body has fallen through, to 
Jind the mlocity acquired, 

lule 3, — Multiply the space fallen through in feet by 
, and twice the square root of the product will give 
velocity acquired in feet 

"txample. — What velocity will a body acquire in falling 
feet? 

00 X 16 i = 1608.3, the square root of which is 40.104, 
40. 104 X 2 =« 80.208 feet per second. 

ty formula, 

= 2i/l6p = 2V^16^,x 100 = 3Va60873 = 80.208 
second. 

en the time which a heavy body has been in falling^ to 
find the velocity it has acquired. 

lule 4. — Multiply the time of falling in seconds by 32 1» 
this product vrill give the velocity acquired in feet 
Example. — What velocity will a body acquire by falling 
seconds ? 

10 X 32| = 321§ feet, the velocity per second, 
(y formula, 

«a=32i^ = 10 X 32i = 321J, as before. 

find the time which a heofloy body wUl be in falling 
through a given space. 

lule 5.— Divide the space in feet by 16f„ and the 
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y i6i 



16^ - 321 



79. Alio, since the spaces described by falling bodies 
are as the squares of the times, if those times be repre* 
sen ted by thenumbers^ \,2^Sf 4, &c. the spaces described 
in those times will be as 1, 4, 9, 16, &c. which are the 
squares of 1, S, 3, 4, &c. respectively ; and the spaces de« 
scribed in a series of equal portions of time will be as the 
odd numbers, 1, 3, 5, 7, &c. ; that is, if a body fall throagh 
16j^ feet in the first second, it will fall through 8 X 16^ 
in the next second, 5 x 16 i in the third, and so on. 

Also, the velocities are as the numbers, 1, 2, 3, 4^ &c« 
since the velocities are as the times. 

The above may be expressed in the form of rules, for 
the use of those who do not understand the application of 
formulae, in the following manner : 

Given the velocity which a heavy body acquires in falling^ 
to find the space it has fallen through to acquire thaf^ 
velocity. 

Rule 1. — Divide the square of the acquired velocity \^ 
64 J, and the quotient will give the space in feet which \;\^^ 
body has fallen through to acquire that velocity. 

Example. — How far must a body fall to acquire ;^ ^ 
locity of 1^0 feet per second ? 

120^= 14400, and 14400 -i.J||^=: 223.8 feet.^ 

By the formula, 

_ «?' _ 1202 
* "" 64i ~ (54^ ^ 

Given the time a heavt 
sp 

Rule 2.— Multii 
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But if the body is projected upwards, then the distance 
of the body from the point of projection is / x t— 16,-1 
X t* ; for gravity, in this case, acts in an opposite direc- 
tion to the motion of the body. Hence we have the fol* 
lowing rules : — 

Case 1. — When a body is projected downwards with a 
given velocity, multiply the square of the time in seconds 
by IS^it and the velocity of projection in feet by the number 
of seconds the body is in motion ; then the sum of these 
products will give the space moved through by the body. 

Case 2. — If the body is projected upwards, then the dif- 
ference of the above products will give the distance of the 
body from the point of projection. 

JEa, 1. — If a body be projected downwards with a ve- 
locity of 20 feet per second, through what space will it 
fall in 6 seconds t 

Now, 6'= 36, and 16,^ x 36 = 579 feet, the space passed 
through by the action of gravity. 

Then, 20 x 6= 120 feet, the space passed through by 
the uniform impulse. 

Hence the whole space is 579 + 120 = 699 feet. 

By the formula, 

Here, i? = 20 and ^ = 6; .-. ^ x <?+ l()l x <*=6 X 20 
+ 161x6^=699 feet. 

Ea:. 2. — ^If a body is projected upwards with the velocity 
of 250 feet per second, how far will it rise in 2 seconds ? 

250 X 2 = 500 feet, the space which the body would 
pass over if gravity did not act. 

Then, 2'= 4, and 16^ x 4 = 64<J, the retardation arising 
from gravity. 

Hence, 500-64j = 435§ feet. 

By the formula. 

Here, v = 250, and ^= 2 ; .". txv- 16i x ^*= 2 x 250 
-.16^,x2*=435§feet. 

Ex. 3. — If a body be projected upwards with a velocity 
of SO feet per second, through what space will it ascend 
before it begins to return ? 

p 
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It is evident, by Art (80), that if a body be projected 
upwards i^iih a given velocity, it will ascend to the same 
hoighi from which it must fall to acquire that velocity; 
thcrrtore Rule 1 applies to this problem ; that is, divide 
tV.o sc::rire ».'f the velocity of projection in feet by 64 J, 
and the qiioiienr will give the height to which the body 
x^iii .isc;*n.:. 

8lV = sX>^ feet, and 900 -r- 641 = 14 feet nearly. 

TT./. i. — If a bi>dy be projected vertically upwards with 
.'i velivr::y oi \l}0 feet per second, it is required to find the 
pl.i»"o of ihc Kv.v at the end of 10 seconds. 

Py the Rulf, UX> x 10= 1000 feet, the space which a 
l\>.iy wwald m.'ve through if gravity did not act; and 
10- \ 10*= ItW', the retardation arising from gravity. 

ller.ee. llXXl— 1(>(\S • =-608^ feet, the negative sign 
sh.Mvs il. .: ilio body will be 608J feet below the point of 
proieclion. 

ox THr MOTION OF BODIES OX INCLINED PLANES. 

SO. Ir. t'.i..:.:.i. ot* the equilibrium of an inclined plane, 
-.: \»as >.., \xr. :..;■.: :>.o :>T\e on an inclined plane bears the 
s.r.v.s^ ^v»^•.\^^::.^r. :.> :1:.^ :>:ce of gravity as the height of the 
j\.r.^^ 1\ ..vs :,^ ::< s r.cth : tlint is, the force which accele- 



1. 



4\. > 



,^r. of n Ivv'.y down nn inclined plane, is that 
vM :l;e lorco of irravity which is represented 
of tli;^ ;>lano divided by its length. There- 
^^■.*\ '.: '/ iv]M*osinis tlie lieidu of the plane, and / its 

irr.f.j;.. \\\c\\ . will represent tlie accelerating force. In 
th.^ 1oinr,il;r. page i\^. for /' put -' ; or, which is the same, 

MiKvtitute sin.; for/*. ; being the angle of inclination; 
nnd we havr. 

_ , ^ ^ hH^r' _ It' 
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'^ i I y I 



-or sin.*= ^^ = j^^ = ^- 



" 64i8in. « 



r = sin. f X 32|/ = V^sin. « x 64 J« 

seisin, f"" K 16>n.f 

Gi/cen the length and height of an inclined planCy to find the 
space which a body will move throiigh in a given time. 

Rule 1. — Mnltiplj the height of the plane in feet bj 
the square of the given time in seconds, and divide this 
product by the length of the plane, also in feet ; and this 
quotient, multiplied by IG-^, will give the space in feet 
descended or ascended. 

Example. — The length of an inclined plane is 100 feet, 
and the height 50 feet ; what space will a body descend 
through in 3 seconds ? 

60x3'=: 450, then 450 -^ 100 = 4^, and 16,^x4^ = 
72.07 feet, the space required. 

By formula, 

s = '-^J^ = ^^Hm^' = 72.07 feet. 

Given the length and height of an inclined plane, to find 
the space which a body must move through to acquire a 
given velocity. 

Rule 2. — Multiply the length of the plane in feet by the 
square of the acquired velocity ; and this product, divided 



.. : -.rrt, will give 
.r>:-rri ilingllie 

• "• ^ . - Irct, 



= -].\ reet, the space 



■ t '.yiined playie. io find 
. : / :icen time, 

. > ii I'i^iit of the plane in 

• .s product, divided by 

. ., \ .Vi give :he velocity ac- 

Mj^iit of the inclined plane 
>. wv will a boJy acquire in '-2 

.;(:.; .;. [l)0=,";x? feet J'Oi- 



..ci, the same as before. 

...or considerations, for 

vi;iUi; force on the plane 

. .;rtiviiy ; it will there - 

\, vM it will generate in 

. inc force of gravity 

:'ic:/ plane, to find 
■f it/f in (ICitcenJinfj 

• u v'l" I lie plane by 
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the space described, all in feet ; and if this product be di- 
vided hy the length of the plane, also in feet, the square 
root of the quotient will give the velocity acquired in feet. 
Example, — What velocity will a body acquire in de- 
scending down an inclined plane, the length of which is 
SO feet and height 1 foot. 

6*Jxl=64i, then 64Jx20 = 643J, and 643i-^J^0 
= 64 J, the square root of which is 8.02 nearly, the ac- 
quired velocity. 
By formula, 

feet, as before. 

Given the length and height of an inclined plane, to fiful 
the time in which a body will acquire a given Telocity. 

Rule 5. — Multiply the length of the plane in feet by the 
given velocity in feet; and this product, divided by 32j 
times the height in feet, will give the time in seconds. 

Example. — If the height of an inclined plane be 1 foot, 
and the length 40 feet, in what time will a body descending 
down this plane by the force of gravity acquire a velocity 
of 5 feet per second ? 

40 X 5 = 200, and 200 -f- 32; X 1 = 6. 22 seconds nearly. 

By the formula, 

* = sfi* = §r^\ ^^-^ ^^''*'°^^' 

Giten the length and height of an inclined plane, to find 
the time in which a body wiU describe a given space. 

Rule 6. — Multiply the length of the plane in feet by the 
space also in feet; and if this product be divided by 16 L 
times the height of the plane in feet, the square root of 
tbe quotient will give the time in seconds. 

Example. — Let the length and height of the plane be 
the same as in the last Example, to find how long a body 
will be in descending down this plane. 



] 
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Here the [length of the plane and the given space are 
the same; therefore 40x40^=1600, then 1600-^16^ 
X 1 s= 100 nearly, the square root of which is 10 seconds 
nearly. 

Given the time which a heavy body is descending down an 
inclined plane, and the velocity acquired, to find the 
angle of inclination of the plane. 

Rule 7. — Divide the acquired velocity by 32 J times the 
time in seconds, and this quotient will give the sine of the 
angle of inclination. 

Example. — If a body which moves down an inclined 

plane for 3 seconds acquires a velocity of 48^1^ feet per 

second, what is the inclination of the plane ? 
4gi 
48i -7- 32^ X 3 = g^ = i, which is the sine of SO*. 

By formula, 

. . ^8J 48J , ^ 

sm.* = -^r—^ — 5 = 5773 = I, the same as before. 
u/v"5 X t5 yoj 

Also, this shows that the length of the plane is twice its 

height, or the accelerating force on the plane is only half 

the accelerating force of gravity. 

To find the angle of inclination when the space described 
and time are given. 

Rule 8. — Divide the space described in feet by 16,^ 
times the square of the time, and the quotient will give 
the sine of the angle of inclination. 

Example. — A body descends 21 1 feet from rest along an 
inclined plane in 2 seconds ; required the inclination of the 
plane. 

21 1 - IGL X 2^= jg^^ = ^ = ^5 thatis,thelength 

of the plane is three times its height. 
By formula, 

s 215 21' 



sm. e = v 



'jj_ 9 \ 



IQlt' l(>ix2-' 64 j 
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To Jind the angle of inclination^ when the space described 
and the velocity acquired are given. 

Ride 9* — ^Divide the square of the acquired velocity hy 
64 J times the space in feet, and the quotient will give the 
sine of the angle of inclination. 

Example. — A body, by descending 100 feet along an in- 
clined plane^ acquires a velocity of 64 J feet ; what propor- 
tion does the accelerating force on the plane bear to the 
accelerating force of gravity ? 

r644V-64i X 100- (^^)' - ^ - -1^ = l^S 
^MAj • ^* ^ ^^- 64i X 100 " 100 " 3 X 100 300 

Note. — ^The acquired velocity is always given in feet 
per second. 

If the proportion which the length of the plane bears to 
the height be given, we must substitute these proportions 
in the foregoing rules. 

Thus> suppose that the length of a plane is to its height 
as 2 to 1, then in these rules use 2 for the length of the 
plane, and 1 for the height, and the conclusions will be 
equally as true as those where the length and height are 
absolutely given. 

Example. — In what time will a body descend 30 feet 
down an inclined plane which rises 1 foot in 10? 

Here the length is to the height as 10 to 1 ; and using 
10 for the length and 1 for the height, in Rule 6, we have, 
' 10 X 30 = 300, and 300 -r- 16,^ x 1 = 18.65, the square 
root of which is 4.3S seconds nearly. 

Or thus, by the formula, 

<= \/1L- - \/WI^ _ 4 32 seconds 

83. If a body be projected down an inclined plane with 
a given velocity, then the distance which the body will be 
from the point of projection in a given time will he t x v 

+ -7 X 16j^^'; but if the body be projected upwards, then 

the distance of the body from the point of projection will 
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.:'. lii^ ^^^^. ■•:::-:>$ of matter; that 

. ; "'\ T of pu::I::^ itsell into motion, 

■.. V --t" -stuppinj: iijelf when put into 

■;i .'1 III i\tcriial force, for it requires 

■ :U'ji A IkivIv as it requires to put it in 

...I I'l inoiion, arising from inertia, is alwaj's 

ilu iiLiM?. of the body; for the inertia of a 

:\ » »-iin»i»hiil of the inertia of all its parts; 

■ ^ ''^lU lontiiin twice as much matter as 

. I . ill*.- iiuiinuniication of motion twice 

. »M..[.rily speaking, the former body 

imuh tv»rco to move it with a given 

•.■..\ w ill require. 

.si.i that the momentum of a body 

:v\ii\ and quantity of matter; 
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J^^equently, the velocitj is proportional to the Tnomentum 
^^^'^ded by the quantity of matter. 

^ue force wliich generates momentum in a body is called 
Moving force, and the force which generates velocity is 

^i^dan accelerating force; therefore, if we substitute the 

^^oving force, which is proportional to the momentum, 
°^ the momentum, and the accelerating force, which is 

P^'oportional to the velocity, for the velocity, we have / 

j^j P being = the moving force or pressure, / = the 

^^^erating force, and M = the mass or quantity of matter. 

^' any two bodies P and JF be suspended over a pulley 

o^eable about an axis, then, if P be heavier than IF, we 

® -^ ^ JF {or the moving force, but P + ^ is tlie 

/"Amoved; hence 

-P— JF 

'jp-TTw ^^^ represent the accelerating force. 

^t if tiig inertia of the pulley be taken into con- 
sideration, which call /, then the accelerating force is 

If • P— w 

"> in the formulae, page 98, we substitute p — ^ for/, 

t\^e theorems will apply to this case. 

£«?. 1. — If a weight of 6 lb. act upon a weight of 4 lbs. 
over a pulley, what space will it descend in 6 seconds? 

P_^_6-4__2^ 1_ 

^ere,p^^-.g^^- 10 = 5 -/; 

s = 16i/^' = 16,^ X ^ X 36 = 115|. 

Ex. 2. — If a weight of 6 lbs. be attached to a weight of 
2 lbs. by means of a cord going over a pulley, how far will 
the heavier weight descend in 6 seconds ? 

Q 
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To fiud the moment of 
inertia with respect to any 
axis whatever. Let RS he 
anj ms whatever, and X Y 
an axis passing through the 
centre of gravity parallel to 
it ;«», an J particle of the body 
f^XT, Draw any line ae 
from w, let fall the perpendi- 

'^^^T mc, and join mb; let mb = r^, 06, the distance 
between the axes = k, and am =^ r; then, by Prop. 12, 
^cond book of Euclid, we have 

{amy = {aby + (mby +2ab.bc; 
r^=ik' + r/ + 2k.d. 
Multiplying by the mass m we have 
mr^ = mk^ + wir/ + 2k .m . d; 
mV^ = m\ k^ + mr'/ + 2k . m\ d\ for mass m'; 
m"r"' = m"k' + m'V/'^ + 2*. m". (T', for mass rd' . 
&c. 
By addition we have 

wr' + wV" + f»V'» + &c. = (m + w»' + m" + &c.) A» + 

mr] + wV/' + w^r/'* + &c. ; 

+ 2k {md + m'd' + w"d" + &c.) 

Now, mr^ + wiV* + &c. = moment of inertia with 
respect to the axis RS^ which call /; and mrf + w»'r/' + 
&c. = moment of inertia with respect to the axis X Y\ 
i» + f»' + «»" + &c. is the mass of the whole body ; and, 
by the property of the centre of gravity, md + md' + 
ni'd" + &c. = 0. 

Hence, if I^ be the moment of inertia with respect to 
the axis X F, through the centre of gravity, and M be the 
mass of the whole body, we have 

/=/ + J!fi». 

Hence, the moment of inertia of a body about an axis 
which does not pass through the centre of gravity, is equal 
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• . ,j.- :ij»:.iK III of iii-iiiit <»i i":.t i^i^jjt ifod} ttiC'Ut a parallel 
'.., jj.iN.^Iii^ through tho C-nire .: rraTirr. tcjgether with 
...• j.iuJiiia of the ina^s of the ixxlj, aad tbt- square of the 
.:^l.uu\! iK'twccii the two axes. 

if ciii)' system of bodies revolve louDd a fixed axis, a 
.M>ii I may hr found, such that if the whole mass of the 
.\ ^ivin wiTc collected in it, the momest of inertia would 
)>i- I hi' same as before; that is, the sum of the products of 
.11 h lK»ily, into the square of its distance from the axis of 
inoiiiui, is ecjual to the sum of all the bodies, multiplied bj 
ilu- Mpian* of the distance of this point fix)m the axis of 

i>i, ill :i Mn«;le body, a point may be found such that if 
ilu- w h*'h' mass of the body were collected in this point, 
.Ii. moimnt oi' inertia would be the same as before. This 
;'.»ini is laMed tlie centre of gyration, and its distance from 
:;ir i\is oi' i\)lati()n is called the radius of gyration. 

Oi I hi' cent re of gyration may be defined to be that point 

.»[,• w hli'h, if the whole mass be collected, the same angular 

\.'.>. ii\ uill l>r :;\'Mriated ill the same time, by a given 

;. ■■ '1^ r m\ j>!:ko, as in the body or system itself. 

. . ! ;:'..ii ii.v'iiv'n of a boJy, or system of bodies, is the 

. 'Ills .vunucting any point and the axis of motion. 

1. wv J^hi, pi power, which acts at the distance 

.\ > ■■ ii.v)tloii, to give rotation to a body or 

v.. iii i.i." ulilch is \\\ and the distance of the 

v; •. -M (rum tlu' axis o( motion = k, then the 

N :v lu !>o put in motion by a power 
.^■^-.v '.Ik ;i lAc iiiortia of P is notliing; 

:i \-' 
■V i -;,N ration, in some of the 
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In a circular wheel of uniform thickness . • A = } r >/^ 
In the circumference of a circle revolving 

about diameter A = }r VS 

In the plane of a circle ditto ^ =i | r 

In a solid sphere ditto ^ r= r >/g 

In a circular ring, the radii of which are R 

and r revolving about the centre . A = y f — - — \ 

In a cone revolving about its vertex A = | \/("^' + lO 
In a cone revolving about its axis . A = r ^ ,^ 
In a straight lever, the arms of which are R 

^°^^ *=^(hST7)) 

In a paraboloid, the radius of the base of 
which is i2 k^Rs/h 

Ex, 1. — A cylinder, the weight of which is 80 lbs., is put 
in motion by a weight of 20 lbs. attached to a string which 
is coiled round the cylinder. How far will the weight 
descend in 6 seconds ? 

The accelerating force/ = p^,^^^, . 

Here, P = 20 lbs., W = SO lbs., and A = i r y/2 ; 

_ 20 _ 1 
^20 + 40 ""3" 

That is, the accelerating force is \ of the accelerating 
force of gravity ; and by formula, page 98, 

8 =: 16L/^» = 161 X 5 X 6' = 193 feet. 
o 

* In Dr. Gregory's Mathematics for Practical Men, this is given, 

Vi ^ - "a J ; but it may be reduced so as to agree with the above, 

as follows : — 
// ^«- r« \ ^ ^ f (i?'4-r ') X(ig'-r')\ ^ y( S' + »' \ 
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more bodies^ or of one body from. tbe.%ureand.^:(icDtQf 
which we are not permitted to ab|itr9#« 

89. The centre of oscillation of a compound pendulmn 
is a point in it at such a distance from, the^ centre of sus- 
pension, that a simple pendulum, of a length equal to that 
distance, will have the same angular Telocity with the 
compound pendulum itself. 

90. The centre of percussion, which is generally in the 
same point as the centre of oscillation, may be explained 
as follows: — 

In striking any body with a bar or lever, it is always 
found that if the blow is g^ven at. or nesF t|ie end of the 
bar, it will jar, or attempt to fly out of the hand; and if 
the blow i$ given by that part of the bar near the hand, 
it will also jar, and attempt to fly from it Now there 
evidently must be a point between these two, where, if a 
stroke is given, the full effect of thje blpw will be sensible, 
and the bar will remain at rest, without jarring the hand* 
This point is called the centre of percussion, or the point 
in a striking body where, if it strike another, the effect will 
be most powerful ; and, as the centre of gravity of a body 
is a point on which, if suspended, the body would be in 
equilibrio, so the centre of percussion is a point in which 
the whole momentum of the moving body is placed to 
produce the greatest effect. 

ON THE SIMPLE PENDULUM. 

91. It has been found, by many very accurate experi- 
ments, that a pendulum which vibrates seconds in the 
latitude of London is 39 1 inches in length. This being 
known, we can find the length of a pendulum which will 
make any number of vibrations in a given time, as follows : 

Bring the given time into seconds ; then, as the square 
of the number of vibrations given, is to the square of the 
given number of seconds, so is S9J, to the length of the 
required pendulum in inches. 
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Ewample. — What must be the length of a pendulum , so 
as to make 80 vibrations in a minute ? 

Here the given time is 60 seconds. 
6400 : 3600 :: 39J : ^^^^^^ = ^^^ = 22 inches. 

Therefore, if the length of a pendulum be required, so 
as to make a given number of vibrations in a minute, 
divide 140850 by the square of the number of vibrations 
given, and the quotient will be the length of the pendulum. 

JExample. — What must be the length of a pendulum to 
make 50 vibrations in a minute ? 

140850 _Q^. , 
g^QQ = 56.34 inches. 

Given the length of a pendulum, to find hoyr many 
vibrations it will make in a given time. 

Bring the given time into seconds ; then, as the given 
length of the pendulum is to 39 1, so is the square of the 
given time to the square of the number of vibrations, the 
square root of which is the number sought. 

Hxample, — If the length of a pendulum be 48 inches, 
how many vibrations will it make in a minute ? 

The given time is 60 seconds. 

48 : 39.125 :: 60' : ??J25xJ600 ^ 14^50 ^ 

48 48 

the square root of which is 54.17 vibrations in a minute. 



CENTRE OF OSCILLATION AND PERCUSSION. 

92* The distance of the centre of oscillation or per- 
cussion of any compound pendulum from its centre of 
suspension, is equal to the sum of the products of each 
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„ote bodies, « f °;;;u^d to ab^t'***- „d pendulum 

^hicb we ate not per ^^„ of a coinp ^^ g^s- 

^ 89. Tbe centre °f^t fro«\:^lV^ to tbat 

pension, that a «mp ^^^ ^^^ ^„g„iar 
distance, «itt bav ^^^^^ the 

compound pendnlu^^^^^^on,^^^'^^ «f ^e exp^a^"^'^ 

90- "T^^ ''"T;« centre of oscUlation, ^ay 
»ame poi.^t as tbc centr ^ever. it is aiv^^f 

^ follows:- ^itb a bar or leve ' ^^ ^ 

■^ lo striking any body ^^ ^^ ««;^jUd; and ^t 

found tbat if tbe blowj g ^^, of tbe ^ ^^^ ^^„^ 

bar, it ^-^^^ iat. « f '"f^ part of ^e ]>at ^^" ^^^ their 
the blow is giveu ^I'^^ll, to Ay ^^^^^^^^ ^bere, i^ 
it-n also 3- nVor'^tween t^^^^ ,, ,en^, 

evidently '""^^^^ ^f^u effect of t^^^^\f -firing tbe b^^ 

^d the bar v^ll ' ^.e ot V^'"^.^,^ the effe<i.\. , 

Tbis point ^^-'^JfXre, « it strike ^^f''^,j of ^ V 
- a striking body wb .^^ ^^^ of gr ^^^^^ ^ 

be most Powerfu^^ suspended, the 

^^ ^ r * Ttbt entre of perc^-^^dy i. ^\, 

^'^"'Toi; mom-turn of the movmg 

tbe whole mo"^ jfect. 

produce the greatest e 

Oi, THE BlMFl^l'^ 

91. It has been fou"^' J^,,b vibrate.^ 

latitude of London ^^^^ ^.^gtbo^^ 
known, we can fin .^,,tin«*ia« 
n,ake any number «* 
Bring the gxven ^, 

of the number of ^ 

given number of •* 

required pendulate 
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body into the square of its distance firom the centre of 
suspension, divided by the sum of the products of each 
body into its distance from that centre. 

Thus, if any number of bodies, A, B, C, &c. and their 
respective distances from the centre of suspension, a, b, e, 
&c. be given, then the distance of the centre of oscillation 

from the centre of suspension is —3 — . p. . w • 

Let A sa 4 lbs. and its distance from the centre of sua- 
f)ension 4 inches, ^ ss 6 lbs. and its distance 2 inches, and 
C = 8 lbs. and its distance from the same point S inches ; 
., 4x4' + 6xg'-l-8x3' 64 + g44-7g _ ^, 
^»^^°' 4x4 + 6x2 + 8x3 "^ 16+12 + 84 ^ ^S' 
that is, the centre of oscillation is 3^ inches from the 
centre of suspension. 

The distance of the centres of oscillation and percussion 
from the ^is of motion is as follows, where the axis of 
motion is at the vertex and in the plane of the figure : — 

In a right line, small parallelogram, and cylinder, } the 

axi$ of the figure. 

In a triangle, f the axis. 

In the parabola, \ of the axis. 

If a cylinder, of which the altitude is a, and the radius r, 
be suspended from its vertex, the distance of the centre 

of oscillation from the vertex is -^ + ^ . 

If a cone be suspended from the vertex, the altitude of 
which is a, and the radius of the base r, the distance of 

the centre of oscillation from the vertex is -=^ + ^r- . 

In a sphere, r = radius, d = distance of the axis of 

motion from its centre ; then the distance of the centre 

. . 2r' 

of oscillation from the axis of motion is c? + -=-7 . 



1 
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If the sphere be suspended by a point in its surface^ then 
the distance of the centre of oscillation from that point 
. 7r 

Ex. 1. — ^If a cylinder, of which the radius is 4 inches, 
and altitude 1 foot, be suspended by its vertex ; required 
the length of a simple pendulum which will vibrate in 
the same time. 

Here, r = 4 inches, a= 12. 
^ 2a ^ r 2x12 ^ 4 o. • i 

Ea. 2. — If a globe, the radius of which is 6 inches, be 
suspended by a point in its sur&ce, required the length of 
a simple pendulum which will vibrate in the same time. 

*7 T '7 V fi 
Here r = 6 inches, and -=■ =: — =— = 8J inches. 

If the globe be suspended by a string 8 inches long, 

attached to a point in its surface, then the length of the 

2r' 
pendulum is d + -^ . 

Since r = 6, we have ci = 8 + 6 =s 14 ; 

•'• ^ + 55 = ^* "^ 5^n4 = ^^- ^^"'^^'- 



ON VIS VIVA AND WORK. 

The «M viva of a body is its mass multiplied by the 
square of its velocity. 

Work,* or dynamical effect, as it is sometimes called, 

* Poiflson observes that the principle of virtual velocities gives immediately 
the conditions of the eqailibrium of force, applied to machines, whilst that 
of vis viva, or living forces, includes equally the theory of their motion, 
and famishes the most direct means of calculating the effects of the forces 



abody 
witbmottim 
ivk« The work, pndneed I7 a. 
rou|[^ a certain spaecy is drfinfwi to 




^ or systaaM •< HoUd 
• fnnMi from ona pan to 
To italoOaU rba nflMte of 
UMTlac tiqiMibm: — 

rbM» f ^a tlw valoeity of tha iimm 9% afe tte mA. tf 9^:^^amt^h 
t» oviginai valiMity, or thafc 1 nrMpnaiing ta e««0; JP,mm^mm^^ 
,,Bi^«ai«fplUd UifiiQiinfleiBolioaiB.ih»] _ 

jmiUlBi rir^'IT iUmotioa; rip, thaekaHBiB^ipHaipaifavy 

p ^n tha (UmHon of Ita Coraa, la tha tiaw di; mmL dJ^ 
rkveff lathaiiMnaiUMli7Q,latbadisD8fciaKof UaflfeHi. 
1,0 iak«^ i« HM to vaniMli U Um coHBMaaMHBi of ^ 

PfHtfta ftk» obMnrw, thai Prf p, mLQdq,\mmi 

^^Il0fui i (JorioUa propoMt to call tl&na cpnBtiti . 

™TJ[|ig thtoiM Poiawi hai <Uma» tte nlniili /^^<i» "^Z**^ 
^T^^p(fl«i tha whola raoilre wo^ aad tha i^kala iHHfciBB:«iri^fi«^^^ 
m-eoiBJit of muiiuik up t4> i.lio time under conHid^rarina ,.,.rf. 

" Thd it^"^** »:qiittii»»u rtUowH that the IncremciLt, <liirins 9mj tuaa^ rf ^"^^ 
"!j^ al' tAie living force** of :ai nhe parts, ii equal t» the enaei^ 
•^ vrorlc '»v»;r tlio nwuiimj work, ia the Bame time. ^^ 

°'"**^ mAtUinu luttl no orii^iiial velocity, and we wish, to find tlie ftifl^ 

tta u rteptfftt* retartlinK tor«e. tlicu 



^ . . , l», ..iH»«lcient of friction ; X the mutual preBHire of the ramniF-^ 
^'^■^ '' i Tlu) .'lemcntary npiMte tlewsribed by their point of oontacfc ; a^^ 
rr^ '• '^ .inirfal vrork <lono by the machine. 

R«i« * rr • th« o"ral>«r of anitR of work done by the moring power; 
wa If/, »» _ ^^^^^^ work done; l'*,the work expended in orer- 

ti^I J ;ii; n aiMl othor re^Htancea. oppo«d to the motion of the 
SiL r! i ^r^^*^ '"^^*^ "' ^' commencement and tenninatioa 
^ ttw Ume of work»n« » ^ 2g ^ , *u ^- .* 

^Hferen^^of th..i.- -- ^' the ^on. movmg ^h^ of themaduae^at 
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pljio^ die pressure hj the space Uiroti^b whieli 
prescze sets. 

or WoB£^ — ^Tbe tmic of wodc, ia this couoiry, m 
of whieh we meistire mnj amotani af work, U tbe 
done where m pressure of one potuid is estert^ 
cHie fiK>lt ilie pressure acting in the direcdoo tii 
t&e ^aee ts described ; if, instead of one pound 
morred tliroiigh one foot, it be moved throtigh two 
t, it is dear that the work is doubled, or thai two uoits 
work ha?e been dooe ; and if through m feet, m units. 
if, instead of one ponud pressure exerted through 
tj two pounda weze exerted through m feet^ tbe work 
be donhied, or 2 m units of work would he done ; and 
if a tiniest, then n times in units of work would be dooe^ 
Sei>ee, geoerallj, if a pressure of « pounds he exerted 
ibDagh nt feet, then the number of units of work will be 
W!presenled by n times m, supposing the preastire to be 
^^erted in the same direction as the space described. 
The units of work being represented by £/, we have 

17 = fun . . . (1) 

«= ^ ■ • • (2> 



rom these equations, any two being given, tbe others 
be determined. 

The ablest and most extensive writers on the subject of 
rarkf are Ponce let and Professor Moseley, In the 



«oi]iipi6iieemetit and tcrmiiiatiou of tUe above - named time. See 
^ Hechanical Prmi^plcg af Eugliiecriiig and Archltccturej*' page 161, 
la all practicml «^iei» we have to calculate tbe work of maehines only 



tliicai thej h^Te a nnifoTm, or pefiodie motion ; 
— Ti*) = 0, and tbe above eqmatieik became* 

s 



in either case> s- 
%3 
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From this equation we have 

F/-F«=±?^ ... (5) 

This evidently applies to the case where a body is p: 
jected either downwards or upwards with a given velocity 
the work done, in the former case, is 

u=ijir;-v') = i{r;-V)M ... (6) 

and^ in the latter^ 

i7= i(F«- r^')M ... (7) 



3. To estimate the work in the case where the pressure 
is not exerted in the direction in which the space is 
described. 



f 



Suppose the point of application Q of 
the pressure to traverse the line AB^ 
the pressure being constantly exerted, 
not in the direction from A towards B^ 
but in a direction which is always pa- 
rallel to the line MQ\ then will the 
work done while Q is moving from ^ to / 

Q be the same as though the point of ^ 
application, instead of moving from A to Q, had moved 
along the line MQ, from ilf to Q; QM being the pro- 
jection o{ AQ upon the direction of the pressure ; so that 
the work done would be represented by P x MQ ; P being 
the pressure in lbs., and MQ the space in feet. For, 
resolve P into two forces, one perpendicular, and the other 
parallel to AB\ as no motion takes places in the perpen- 
dicular direction, no work is done in that direction, there- 
fore all the work is done by the resolved part of P, in the 
direction AB ; call this 72, then the work done = J? x 
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JQ; if FQJ = «, we have 7^ = P cos. 0; .-. B x JQ 

= P. JQcos.fi; but -^Q COS. 6 = Jlf Q, hence the work 

doDe = P. JfQ, jiJU being perpendicular to PQ. 

The ibeoTT of the inclined plane presents an application 

of this principle. Let jiB represent the ^ 

m&ce of an inclined plane, upon which is ^ 

pliced a weight TT, which is to be raised up 

that inclined plane. And let it be required 

to determine the nnits of work in raisinpr it. „ 

. i^ c 

h this case, the direction of the weight W to 

be oTCTCome is obviouslj not that in which the motion 

tales place : the bodj moves from B to ^ i the direction 

of the weight is always parallel to AC^ whence it follows, 

by the preceding proposition, that the work which must 

be done to raise it is the same as would be necessary to 

^se it through the projection of the space which it 

describes in the direction AC, parallel to which tlje 

P^'essure W is exerted : then the work done in ridsing it 

from £ to ^ is represented Lt W x AC, Let u^. now 

Suppose that this inclined plane i^ subject to friclior. : trj'm 

^he units of work necessary to overcjnje iLe fraction HiU-^x 

^^^ added to the number of unit* represeried tj W y AC. 

^ or the sake of simplicity, we may e:;j pose t:je :r>'j]ir;&- 

^^on to be small, as in most pracrici- c&s^es ft 'ik trj-rj 

^<ie resistance opposed by frictioii is obrj'^jj> rfj^T'- 

^«nted bj the weight W x tie ciffrSc-ieT.t o: fr.'sl.orj — f:%]3 

^liis coefficient /: ibe^ frier' il = ir x /. Nott, t;^^ 

direction of this friciion is piri-lrl to tit ?.-r:.i:;c of Vi5 

^lane, acting £rom A lowijfs B^ hs lit 't^o'ly [i, ^^th'tu ';;#. 

"The work expended Tspiz. :lr :r:::''>r. ia \:.t^. r?:*rfrv^r/f 'J 

bj the friction ii. Jb-s. x by v.* i:*i>*.'f^ in ff"!, or^ 

Wx f X AB. CV: JL :L£r ler. rt;., ?-r. 1 // t>,s ;.:;':.•. ; t^'^Ti, 

W X f X Z = wo:k exp-5r.i*-: -r. rVct:,-, Ar.i fV x // 

= work dee to rntriy : r. ^^ x / y A - H' x // 

represents the whole -n::* s: w%rk exp/':n.'l^ in fM' 

the body up the ir.c'.ir.e, cr W \ / x L -^ II > 

If the body had been d^^^-^ndinsf in:«vji^ ^'/f M6MI 
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id been required to ascertain the work which nii: 
to let it down the incline, theu we have 

' '^ JVx H- WL/=^ W{II-L/} . • (8) 

„jt IT = units of work in each ease, then, generally, 
U=\V X ff± WLf= W{H±Lf} 

=^W)iL[j^±f] . - . (9) 

This may be done in a more scientific manner 
follows : — 

The forces which act on the body are the resolved pa 
of the weight, and the friction acting up the plane. 

Tlse resolved force in the direction of the plane is 
g sin, a, and the force perpendicular to the plane is g cos. a; 
and, since the friction is proportional to the pressure, we 
have g cos* a^ multiplied by the coefficient of friction 
equal to the resistance from friction, or /^ cos, o = friction, 
this being the force retarding the body in its descent, and 
g siUi a = force urging the body down the plane ; hence, 
the whole force urging the body down the plane is 
g sin. a — fg cos. a. Let F represent this force, then^ by 
formula for constant forces, we have 

«?^ = 9.Fs\ 

.\ v^ = 2 (g sin. a — fg cos. a)%\ 

-g = (^r sin. a — fg cos. a) s. 

Multiply both sides of this equation by the mass Jf, and 
we have 

—^ = Mg . 8 sm. a — MjgB cos. a. 

The left-hand side of this equation is half the t?w vivOf 
and, since the work done is equal half the vis viva, 



If # tte lit* v^iitr rei*z:L :-..-.-«. ..--- : 

■^an = _l" f - J 

-". ▼TIC*: ^ '^ J — ~ 

This ^lji»wi.. It: lieijT-. i.*i: r -. r 
the weiri.- ± il^ l. .- :..■.. 
the ixrciiiitL iJiair-- 

Tic VJTS, Xiits 1. iric-.j_ :l r. ■ - 

as tiki.1 iiii ii i. i«-tl;:j— ii ;j.ii;.- -.,^. 

base of ui* in2Li-:i lu..-. V .- 

an ir. f:~Tt*! r ijiiiin ^- n,::': U rV .• . 

site I-O llxt HilJliJ: " \Js: ..'-:-" -.L- i 

thereii^rr lilt •ni;rrr>i«.-. .- :.r 
senief -7 

'_' = J- ' - r - 

T.I_ifc iliL* l>s " IT" ■ —^ • — 

Tiis res:.:: ri-fir^- :r.:: ::.^ ;:•--■' ■' -< -■ ■ 

"we t:j*r* L-i»::s."i:**r*:i -.:.-. ^. _.::.; ' .■ ^ 

'13 ii birjn." ■.'ii-r v:.^.-:'-r: 32^^ -^ ' ■ '■ ' ' 
pl&iie. 
If I lit bt^CT ue de^ Iftt tb* a*«^^*/»* -" 



'te- 




♦".▼oiisirts 



*-•» 



'TftlBti U t, 



9 yidw*«Mbi. 



m. hetvre ii 
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^ork required to stop the train must also be equal to half 
the vis fHiMk 

Let M = mass^ F^ = velocity, P^ = the resistance, and 
8 = the space ; then 

i MV* ^ P8 . . . . {I) 

..S^i^. ... (2) 

Neglecting the resistance of the atmosphere, the train will 
be stopped by the resistance from friction. 

The resistance from friction is/. W = /.Mg; substi- 
tute this for P in the above equation, and v^e have 

MV* F* 

To find the time : 

When a body moving v^ith a velocity F^^ and acted on 
by a retarding force, so that in the time t it has a velocity 
F^ V7e have equation (2), page 122, 

F^F^Ft^F^— t: 

since F = -^ . 
M 



But when the train stops, F = ; 

P 
M 



r ^^ f 



t = ^.r, . . . (4) 



But, as before, friction = fMg^ 



" r. = ^. . (5) 



Examples on Forces and Work. 

1. There is an inclined plane of 1 in 90, and a loco- 
motive is required to ascend it at the rate of 20 miles per 
hour, with a tender, the whole weighing 40 tons; the 



u'.^^ft'rr K.UE ZM- cnrui-. iron; a aficeml tiitr •nintmad plane 

O xLis- T>r- j:q5x: = - o; i. milt iter miimSf ; 
= 'Ini fee: lae: miiuitt. 

"!.,»-. rifc Dziiii T'az n Kii fee;, tut Tint in fl^lT-flO feet 

= -77— = U;^n«" tsBi. 
HI 

'^ li-. uni&r I] won vTitiinu: tructiuii 

'J 'lit uiii£: 1) xnni cinieuusL oi. iriduiL 

= i : 41 * J7fil = <t2f?«lC»u 
viiiiit mint iv vnrsi = .T.-SC- -- 4fi**CK» = 21T4080; 



111 1 1 



i 'j. ' " = fifi.Sf iinrse pCTiPHr. 



i. i: viLu: ri.it vIL l AinMnuicirvt ABoand an inclined 
:'.i.iii :■■■ "- :i ' .'. v—:i i !.;»ui ;■:' *>."':.mi5: lie horse- 
;i:'Vi': :•:' i'Zif.i^i :»:'.itr = -^ ii? frl:r.:- -jpon the 

_.*■: ,• = ;.:.f ' ;■ ;i:' ; r rif-: ":> iz :e^: : lien height 



•. - -u* : ^^::k vr,^:.:-. ir.z:L:T. = ttq x 100 x 2240 

Arri ur.iti c! -.^crk exrer.ici on friction 
= J- X 6 X 110 = 660x; 
Therefore whole number of units of work expended 

= 2696.36 a:; 

Miit i\ui number of units of work done by the engine 

= (K) X 33000 = 1980000; 
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/. 2696.36 ar= 1980000; 

_ 1980000 
- ^ - 2696.36 

= 735 feet per minute. 

Therefore rate per hour = 735 x 60 = 44100 feet ; 

= 8.35 miles per hour. 

3. How many units of work must a fire-engine do to 
throw A cubic feet of water per minute to a height of 
H feet? 

The weight of the water = ^ x 62.5 ; 
.-. work = J[ X 62.5 x H. 
J. H. 62.5 



The horse-power = 



33000 



4. Let A represent the area of the section of a stream 
in square feet, and V^ the mean velocity of the water in 
feet per second. Required the number of units of work 
which the stream is capable of doing per minute, at a 
given point of its course. 

The volume of water which passes through the section 
^ in 1 minute, and which does the work, is represented by 
GO A.V. The weight W of this water is therefore 
GOA.V. 62.5. Now, the mass having this weight has a 
velocity V^ it has therefore an amount of accumulated 
work represented by 

60A.F.62.5 , 60 x 62>5 
* 32.17 '^ ''''' 64i '^'^ ' 
/. the work = 58.28 A.V\ 

5. There is a stream moving with a velocity of V feet 
per second, and whose section is A square feet at the point 
where its velocity is F; a dam is erected across the stream, 
and a fall obtained of H feet. What work may be obtained 
from this fall of water per minute, and what its equivalent 
in horse-power ? 



>il.t:t i ' ^ l,f T 

^.: .^ '^ = -iii.r i \i\ ^ ^ 



.1. M iC = 



WMm 

? \ :-.eican"i v'."Ui wtniun _^ Br Sirs feet, and 

.-.:• X'. ..:•: Oi:ui.: vuerri m feniDFL is measured 

\ ... J ... . -. 1 ^.i:rt :h I :iul if H feet firom this 

. .. '.i .i : ..^u.r»:ii oy mejina :f m rrer-shot wheel 

. .. ii I i:..m liic «tfi:am k teen ihcr^ ihe higher level. 

I k^ I L. 1 I. an he r:ii.'t«:d per aecond, supposing that 

. .V lit i.\ci .iliiit wheel Li - th part? 

li4 . ..: . V iiii|ili: the vclooi:j iz iir water in feet 

='= - ,;o^ ^; ••• ieo^ = ^^^ ^^ 

. iliiou^h ./ per sejczi = lbs. of water 

%»;»uli i:icrr::r'r rr:i'jce a power of 

/ z \ iiiiiu per >ecGr.i. Now, let ^ be the 

■A) * 

'., HcL icii.^icil per sec::: A through {H 4- h) 



V . ..^ai V to raise it = 62.5 x {H + h) ; 
= 62.5 a; (H + h); 
:v<JSO A.H.N 



•;u 



W * n{II + A)' 

.ic Welter is raised from the lower 
. vv lUc case in which the water is 

, al.)K- tVet raised through h feet 



.y •• " ■ " 



"■^ :.■.:. 



•^.•« 



, . . . ' ..A — - ..^^ 









force ct *•: Ja. vrznz zskr-L^ . \^ .. iiu- * x^-^^^ 
how niaij ie^ ▼-il x li^crrh^ 2 7 n-.z^^-.^ 

£OCt&l f iaiiafr \n \ *:auJUtir hrvt j "' i» /;j- i#-rtr ii«^: ; 
feel »£— h itiaeTM Ji .«' ninji:.-. i'/;:./^ '-^''-^ < -^ 
per ^^c ? 



142 THEOECTICAL AKD 

Since V^ « igU% 

9 9 

Since JT = 62.5 x 60 ji.V: 

2.5 X 60 J. I 



.*• hone-power 



83000 



6. There is a stream with section ji sc; 
with mean yelocity at the point where its sec; 
by iV miles per hour. There is a fall of H '• 
stream, and it is required by means of an < 
to raise water from the stream h feet above 
How much water can be raised per second. . 

the work of an over-shot wheel is *- th part 

In this example the velocity of the 

, . 5280 ,^ 5280 x 62.5 
per second is -^ N; .\ ^a^ ' ^ 

water which pass through A per second ■ 

which fall, and which therefore pit 

62.5 X 5280 .xtat ., . . 
^v^g AHJS units per second. p» 

number of cubic feet raised per second «^ii(i, 
feet; 

.*• the work necessary to raise it = '^ * 

62.5 X 5280 A.H.N _ ' 

• • 60^ • n ■" 

_ 5280 A.H.I- ' 
•• ^^ 60^ 'n{ir^"['^ 

This case is when the water is raisin 
level. Let us now take the case in 
raised from the upper level. '^ " 

Let X be the number of cubic feet jau^., nor 
per second ; 
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And the work expended on firiction 

= 6^x 80x 300« 156000; 

.'. whole effective work = 4AISSS^ ; 

the work necessary to raise the empty train without 
friction = 14 X 2240 x S^ = 104533^; 

work expended on friction = 6^ x 14 x 300 == 27300; 
.*. whole work expended on empty train s 131833^. 

Therefore the work accumulated in the two trains 
s 441333^ - 131833^ » 309500; 

.-. 309500 = J -. V; 
9 

but 7F s 80 + 14 = 94 tons = 210560 lbs. ; 
,.i.2^.r« = 309600. 

or^/,^.^' = 309500; 

/. F» = 94.56; 

V = V 94.56 = 9.7 feet per second. 

Let X = distance the heavier train will run along the 
horizontal plane ; then ar X 80 x 8 = work expended on 
friction, which in this case is equal the work accumulated 
in the train. 

W 

/. a; X 80 X 8 =: A --- . r^ 
9 

640^ = i X ^Q ^ ^-"^ X 04 ^a - 537600 x 94.56 
bW^ - , X ^ X J4.56 = -^ 

6 

= 411.5 feet. 
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Or thus : — 

The friction being 8 lbs. per ton, the coefficient/ will be 
8 I 

^2W ^ 280 • ^^^^' ^^ equation (8), page 139, 

. ^ r; 94.56 94.56x280x3 .,, ^ 

the same as before. 
By equation (5) ^ = -r- = 



280 "^ 6 

9.7 X 280 X 6 _- . , 

= Tq5 s= 83.4 seconds. 

Liet X = distance the lighter train will ascend up the 

90' 



incline, then the vertical height the train ascends = ^ ; 



^ (14 X 2240) + iP X 14 X 6J = the units of work; 
but the work done is equal half the ms viva. 

.\ ^(14 X 2240) + a? X 14 X 6J = J — . r« 
1 14 X 2240 Q, _ 

==2^ 32i x^-^; 

31360 . ^, 1 31360 x 94.66 
^J3-.; + 91^ = ^x -^ ; 

6 

. AsiQAA - 8896204.8 

X = 104.9 feet. 



In drawing materials from any given depth, we may 
take into account the weight of the rope, by proceeding in 
the following manner : — 
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14. From what depth on a weight of 6 cwt. be raised by 
a rope 4 inches in drcnmference, and with 3 horse-power, 
:d 6 minutes I 

Formula T = *^' + Wl; 

S X 33000 X 6 = -^^ + 672/; 

.368/' +672/ = 594000; 
/' + 1826/= 1614130.434; 
/'+ 1826/ + 833569 = 2447699.434; 
/ + 913 = 1561.5; .-. / = 651.5 ft. = 108.5833 &thoms. 

15. A winding engine is observed to raise to the sur&ce 
a weight of material =? 12 cwt. in 6^ minutes, from a 
depth of 115 £iithoms; the rope which raises it is a flat 
one formed of 3 cylindrical ropes, each 3 inches in circum- 
ference : what is the working horse-power of the engine ? 

Formula T = ^ + Wl; 
fi = .046 X 9 X 3 = l.2i2; 

= 1233018.1 ; 

,, 1223018.1 ,ofi,=p •. f , 

U = c-E — = I88I00 units of work ; 

6.5 ' 

188156 . „ . 

g^^^= 0.7 horse-power. 

U\ Suppose the engine in the preceding example has 
H cvVmdor )iO\ inches in diameter, and makes a stroke 
,n; \' tVot 10 inches, and 15 strokes per minute, what is the 
"^ri-^ure jvr square inch on the piston ? 
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20.5 
^.5 



ASO.^5 
.7854 



330.06435 

4«.5 = <2ft. 10in.)x 15 



14027.734675 



Units of work = 188156 from preceding example; 

1888156 .„. .1 . . 

,". tAf^j no = 13.4 pressure per square inch on piston. 



17. A train of 90 tons ascends an incline of 1 in 500: 
find the uniform speed when the horse-power of the engine 
is 60. 

Let X = rate in feet per hour, then, as the rail rises 

1 foot in 500, its rise in x feet will be ^^r^ . 

The work done by gravity per hour is 

90 X 2240 X ^ ; 

and the work done by friction = 90 X 8 x ^ ; 
.*. the whole work required to be done by the engine 

= 90 X 2240 X g^ + 90 X 8 X a?; 

work of engine per hour = 60 X 33000 x 60. 

Now, when the motion is uniform the work done by the 
engine must be equal to the work of the resistance ; 

/. 90 X 2240 x^ + 90x8x^ = 60x 33000 x 60; 

X == 105769 feet, or 20 miles per hour. 



n j6m< Uu Vim Viau 1/ a bmig id _ «■ 
05. TImto are three aM«:_Wh« the bodr has ani 
damlM panOUi Ihihi :--wiMni the body rcYolv^ w™ j 

Wtei the bpdj has a motion of tfamlalioo, e^ery Dar 

««. « tWbc. equjl ^ the o^ of each pa,^,, ^o,^ 

pB«lliy the si{tuie of the velocity; /, it equals the 

of the whole hody muitiplied by the (velocity)'. ^ ^"^^^ 

Ifc^ci £Ae r« riro o/a bcd^ tekich tumm nu^d a 
fisfed centre, 

Let there be a body mmiii^ round a 
ceotfe of motion G. 

Let « be one of the partieles. 
f = its distance from G. 

a ^ the angular velocity with which 
the body turns round G, 

The angular velocity of the body is 
tlia oSiSic '^ the a^gul^^r rc'Jccitj of the 
radius^ and the linear velocity of the particle m is ray* 
and therefore the vu mta = mr*o*. So also with any 
other particle m^ at a distance r^ &om C, the vU vwa s= 
m^r/o*. So with any particle ifia at a distance r«, &c. 
Adding the tu tiva of the particles together, we get the 
w ^va of the whole body 

= (mr* + m, r/ + m^r^^ + See.) o*; 

but mr' + m^Tj + wiari* + &c. = the moment of inertia, 
and the f?w m^a of a rigid body turning round the centre 

• Since the angulaj velocity of a body ia the Telocity at an unit of 
di^iauco from the centre of motion, the linear velod^ty is the sagtilAr 
velocity mnltiplied by the whole duttance. 
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of motion equals the moment of inertia multiplied by the 
^naxe of the angular yelocitj. 

The work done =■ i (the moment of inertia) x the 
^uare of the angular velocity. 

Professor Moseley puts m^ for the volume of a particle, 
^d II for the weight of a imit of a volume ; then 

m^fi ^ weight; 

and mass = — ^-^ ; 
9 

also for a particle 012 the mass = — ^ &c. ; 
^bese substituted for i»i, i«2, &c. we get tlie 

nstita = a* ( - ) /; 

^9 ^ 

hence the work = i the ms tiva = 5 aM - ) . /; 

^9 ^ 

if C;^=work, ^= ia*(^) . /; 

^9 ^ 

If tilie body, instead of setting out from rest, had been 
nio^ng with an angular velocity a^, then tlie work accu- 
mulated between the first and second positions of the 
body is 

The sign ih to be taken according as the motion is acce- 
lerated or retarded. 

To find the Vis Viva when there is a combination of the 
motions of translation and rotation. 

Let figure (page 152) represent any body ; 6r, its centre 
of gravity ; iw, one of the particles of which the body is 
composed. 



i 




suppose that G is moving along, and at the sara^^^ 
! bod J turns round the centre of gravity . Let G 
I ig in the direction of the arrow with a velocity ^i 

; hody at the same time is turning round with i 
■velocity a. 
. I r represent the distance of m from the centre 

gra y- 

1/raw a^ perpendicular to the directioD of v- 

Draw ^ parallel the direction of «.* 

And let 6 = L that r makes with w, 

Then^ if the body had no motion of rotation, the 
particle m would move with the velocity u, in the vertical 
direction y* But the body has a motion of rotation in 
addition to the motion of translation; if the centre of 
gravity were fixed, the particle m would have a velocity rs, 
in the direction perpendicular to rj and therefore, the 
body having two velocities simultaneously impressed on it, 
will, by the second law of motionj produce both these 
velocities- 

To find the resultant of these velocities, we must resolve 
them horizontally and vertically. 

Now, ra resolved vertically = ra cos.0; and r a resolved 
horizontally = ra sin. 0. 

Since the angle of the direction which ra makes with y 
is evidently = 0, we must add to the vertical part the 
velocity v ; 

.*• whole vertical velocity of the particle = ra cos, fl H- u; 
and the whole horizontal velocity of the particle = ra sin.0. 

The resultant of these velocities 

= r*a«cos.*0 + 2«?ra cos. + t?* + r'a* sin.* 0(Art.lO); 
= r*a* + v^ + 2vra cos. fl; since sin.' H- cos.' fl = 1 ; 
= r 'a' 4- 2Taa! -f- «' ; since «? cos. fl = ^r ; 

.'. the vis mta = m{v^ a' + ^vax + «'). 

So also for any particle w^, the ms Twa = m^(r^a^ + 
2vaa!^ + v'); and for any other particle w, the ms vim 



■i('^5'«" + ±9ms^ — r z jm£ s JK ixr aL SK 




l»i^ by a |»m> e iL» of & CKsce oc £>aij:i iee Arc 1;^ « 
MX -r M^x -r M^ * -r i^ = 0: 

^ thii k die rriwM wit j xbts ceasre cf c^^'^ixj is hefv 
^^^ as the fixed poua nacsd whka cbe isx^cca o< lOQLUoa 
^ ^Rttsed to take place, 
^smn of liie tfaizd i 



— r^ v.* T ■. -r »^ -r iXc , 
= r' (whole mass of tbe bocj'' ; 

**• the whole cw rmi = (the moment of inertia) «' -h 

(ina»)r*. 

•*. when a body has & motion of lotadon and a mouou 
of translation^ die ru rtca = (moment of inerua\ 
X (angular velodtT;* + (mass) y^Telocity centre of gravity'**; 
but when a body has a modon of transladon, the n> triru 
^ (mass) (Telocity)* ; 

And when a body has a modon of rotadoUj the nV ririi 
=s (mass) (angular velocity)* ; 

.*• when a body has a modon of rotadon and a modon 
of translation, die ris tita equals the rt^ rira due to the 
translation + the vis viva due to die rotatioiu 



caaiimirutt Ai. 

fh>iKt> O ii<i |r i jrf .fc»<^ 






ML Lota body whMMvJhts irk attadnltoaq0^ 

najffC ma aqipoie m iiii h iil j fc» ii M i w i i iBliii i toife * 
Ikr ahwoatt ^J; f ii|i«iEidl« ID^C; if AelMi^^^ 
iM A mrnld, by Art. 81^ ■" ito muAm » tS* 

AuMtQcoijffJI, bnt,bai«eoaBcdhBibjmi^pdiDd,itHi^ 
BaPBMiTily daMirihe « dMfe in 
teoi^ mr «f wbkik tendb to ( 
Mid ibr ««km ifinai to move it I 
tibr jiu— iy<o? ukiomUfjfi^ 

X'94r» M ikir «mipoie die body to be 
adttiUi cMifiia«id iniii hi 4fttonr fina 
iW jtNUKSk ^(^ SM^ n o Bi M er it as a 
)Ka:;«iriBj ]piMM mminfmidi m^ilocily >^ 
i-uJ. >k-j iiuix >^S>:huie fi^r the dxde a 
■«'r^— ^ ':^->^*^ «'»^ *JEi infinite number 
.: .^.^«. 5^-:;*. Uy=i: ii>? Wdv describes 
i-:A -.-.TT .:: ;i,^ ];v,>Sj;\\si with tie same velodtj, that is, 
•a; ^j. -_.!•*;: \^]',v.^l":v V i> tie same when the bocty passes 
-w::. .:.= >.^., ,: ;i- \vl\g*i.vn to the other. For, since the 
.i.-::j:-5^^ -•-^^'^ j^^^ A,wjt\$ perpendicnlarly to the motion 
.- '.jii 3^.xl^, i: ;\vd vo w\\rk, and can destroy neither the 
:\iL^ :crv.v *,v- lite \rlsvity v^ ibe body. Now, ub or vu' 
-:» :a^ vcrv sllo...! \r'.vi;\ pfneraresl by the centrifugal 
:oiv\. ^. siur^:.^ r^^^ iWAll time / which the body requires 
lo u JVC ovci :ie c-Ieui-i^Arv side of the polygon; then, if 
-V be lac Uij^i ^.f ,v^^ ^^^)^,^ ^^.^ j^^^^ ^^j^^^^ ^j^^ f^^^ ^ 

iiicasurcJ bv ih^ uu^, luultiplied bv the velocity and 



m y 



di\ldtid bv thy liiue) 
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bin bo, then the triangles obc, vbu, and bvu' are isosceles 
ind similar^ for the angle a&o s= the vertical angle vbu; 
also the exterior angle ofrc = interior and opposite angle 
luv. NoWy since ob bisects the angle abc, the angle 
afro s the angle obc; hence the angle obo = the angle 
tbu. But the angle o&o » the angle ftw; hence the 
angle vbu = the angle buv, or the triangle tbu is isosceles 
uid similar to the triangle obc. The triangle vbu is equal 
b all respects to the triangle bvu ; therefore the triangles 
^bcj tbu, and btu' are similar; 

/• bo : bo :: bu' : vu' ; 

, be X 6tt' 6c X F ,,v 

*^ere iJ represents the radius of the circle, and bii the 
^^^nitive velocity F; besides, the side be of the polygon 
described by the body in the indefinitely small time t ; 

■^is substituted in the above, gives 



;• i^ = 



VH 
R 

M xf)u' M X r^ X t M.V* 



^u =-j^, 



f Rx t R 

W 

or, smce AT = — , 

9 

W V^ 
F = f.^.. . . (2) 



Centrifugal Force of a body of finite dimensions. 

97. Let A BCD represent a thin slice of the mass revolving 
round O, with an angular velocity a^, the angular velocity 
of an elementary mass m of this slice will be ra,; r being 



r 
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A lectangular mass of cast iron, 10 feet long and 1 foot 
square in section, is movable roond a horizontal axis 
3 feet firom one end: what angular velocity will it have 
acquired in descending from an elevation of 45* to a 
horizontal position ? 

The moment of inertia of this rectangular mass about 
an axis passing through its centre of gravity, and parallel 

to one of its edges = j^ abc (6* + c*) = /. 

Now, the moment of inertia of body about an axis parallel 
to Una, and distant from it (A) feet = A' f» + / s /^ ; 

m =s abc; 

.-. J, = (12A»+6' + c')^; 

In this instance a = 1 
b = 



Ei} 



e 

A = 2 

/,= (12(2)' + 1 + 100)||; 
= (If) = 124.16. 

The work accumulated in the body in its descent 

= abc* fi*8\ 

where 8 = space passed through by the centre of gravity 
= 2 sin. 45"; 

/. work = 10 X 450 X V2\ 

= 4500 X 1.414 = 14.14 x 450. 

But this work ^ xvis viva = r a* . - . /, ; 

6 
.-. 1364.51 = 186.24 a'; 

Y 
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When a cone revolves about an axis parallel to its axis 
of symmetry, and at a distance from it = radius of the base ; 
what is the centrifugal force^ supposing the cone of cast- 
iron 3 feet high, 1^ feet in diameter, and made to revoWe 
ISO times per minute ? 

(here a = 4 ir = the Z. passed through per second) ; 

6 

= j93 X 31.0065 X gj x *50= y^.gekJe ^ *^^^' 
= 2.4098 X 1215 = 2927.907 lbs. 

If the same cone revolves at the same velocity round 
an axis coinciding with its side ; find the centrifugal force. 

In this case Jf ^= -z y ; 

it I 

= (the expression in last case) X t . = ; 

= 2927.907 X ^ ^ 



4'f 1/5' 
= 2927.907 X 4= = 2927.907 x ^ 



1/5 ~ "*""•*'"• '^ 2.2;36' 
= 3928.494 lbs. 

In the two preceding examples suppose the cone to be 
of cast-iron 1 foot high, and base = 1 foot in diameter, 
and made to revolve 30 times per minute : find centrifugal 
force. 

(1.) F=ry-.^abu. 



TSBQBKTICAI. AHD 

\v 4. = -^ oot; h = I loot- u. =■ -450 Iba.: 
.i.4. i = _ paued througn _r u second = ir : 



.1.0065 ..^, 



I T. : 



■J 






, ,-. J I .- - 3 1 






• ■ . > ::l':-:-^ r .iiarr.eter, and 
. ^ '..."•/.I I! v... -.-.--i a vertical 
■-■■ .:■.:. M?s ■.'•t»* •■ --Tr : what is its 



I 
r,ni- ■ T t J. : 



F 
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F = ^2»iJ=| X 2x3.1416 x |; 

= 6x3.1416; 

= 15.708 ; 

„ 3 193 

^ _ g65.0725 X (15.708)' 
•• 3 193 ' 

4 

A shaft of cast-iron, whose section is 8 inches by 
4 inches, and whose length is 4 feet, revolves round an 
axis 5 inches in diameter, and placed at a distance of 
3 inches from one extremity ; the two surfaces of contact 
are wrought-iron upon cast-iron, unctuous : find the horse- 
power expended upon the friction of this axis by reason 
of the centrifugal force, when it revolves 200 times in a 
minute ? 

^ - gR ' 

8 4 
W = weight of body = To X fo ^ * ^ ^^ 

= s X g X 4 X 450 ; 



= 2x4x50 = 8x50 = 400 lbs, 

200 
60 



200 
F = velocity per second = -tttt x 2 tt JB ; 



_400 20 

- 60 '''"" 3'''^' 

Jt = radius of circle described by centre of gravity ; 
= 2ft. - Sin. = 24 - 3 = j^ = |feet; 



r 
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ir = 9 X 112 X 20 = 9 X 2240 = 20160; 
'^ = 30 X gQ^gQ = -j^o = ** feet per second ; 

ii = 400 X 3 = 1200; 

. 20160 X (44)' _ 20160 x 1936 

193 ,„^ ~ 193 X 200 
-g- X 1200 

_19514«8_ 

1930^ ~ 1011.13. 

Now, if A at the extremity of the outer rail be the 
point from which the moments are measured, and F=s5 feet 
from A, where the force is collected, and G the middle of 
the rails, the carriage will be overthrown or not according 
as AF xF> or ^AOx W. 

AF=5h.i J* = 1011.13 lbs.; 

AG=i2 + ^ = 2.375; W= 20160 lbs. 

/. it will be overthrown or not according as 

5 X 1011.13 :> or < ^160 x 2.375; 

or as 5055.65 > or < 47880 ; 

.'. it will not be overthrown. 

A piece of iron is placed without any support on the 
interior circumference of the rim of a wheel, at a distance of 
6 feet from the axis, about which the wheel revolves hori- 
zontally : what number of revolutions must it make per 
minute, in order to prevent the iron from falling off? 

That there may be an equilibrium, the friction produced 
by the centrifugal force must be equal the weight of the 
body ; so that if/ be the co-efficient of friction, /jF = W; 

but F = ^- = V"^^ = » 

gB gR g 




^TjS' 



;^ 



r-iiii> 
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Two balls, one 6 inches and the other 10 inches in 
diameter, are fixed to the extremity of a rod 3 feet in 
length ; this rod is fixed horizontally on a vertical spindle, 
at a distance of Z7 inches from the centre of the smaller 
ball (or at a distance of 2 feet from circumference of 
the same ball). Find the centrifugal force of these balls of 
cast-iron, when they are made to revolve 100 times per 
minute. 

Let Wi = weight of smaller ball ; 
W2 = weight of larger ball. 

4 

Now TTi = s T flTiV ; 

4 

W2 = ^wth^fi; 

F^^^ El ^ El Kl 
^ ^^ B2 9 ' nr 

Now let m = number of revolutions per second ; 
then Fi = 2'n'mRi ; 

100 5 
Now^ = ^ = 3' 

9 

El = 27 inches = z foot ; 

17 
^2=17 inches = t^ foot ; 

fli = 3 inches = -7- foot ; 

5 

^2 = 5 inches = r^ foot ; 



■IKBASIKib 



in 



IMPACT, 



& ^bit Bmtor^ of the iicU<ill thftl ulcc® 
: of tiro bodies. 



Lm ^, ^, be tvo ho&^ vhieh 
shall suppose to be inoving m 



tl|6 



sm^ie straigbt tine, m the direetioii 

ky tht arrow, J being supposed to cwrtikft 

L to icrike upon it. Tbeo, when A ocHses in ct^itucl 

^ M. imumtl prcsrare will be exerted between the Iwa 

_ to n^tsrd tfae tuotioti of J^ and to neccleriilc 

of B, Thk rantiiml pressure will act cquaUy upon 

body; tbei^fttre actton and reaction are equal and 

Tbe effei^ of tbis mutual pressure will be to 

tbe Telod^ of jf, ajid to increase that of B^ until 

■fe two bo&s are made to more wiih equal velocittes* As 

^■n as tbe velodties become equal the bodies will ceniio 

B press upon eacb other, and» if no further action took 

pace betw^m tbe bodies, they would continue to move on 

witk tbe sajne veloeitj. 

But a farther action wilt take place In the Fotlowiiig 
mumerz — Since tbe bodies have been presiding upon 
each odier^ and since all botlies have same dcgi*eo of 
aoftiieasy it is clear that they will be in a state of com* 
pression at the dme the velocities become equal: but all 
compressed bodies have a tendency, greater or Ies»i to 
recover their shape j therefore the two bodies will begin to 
recover their shape immediately after tlie time thti two 
Tel oci ties become equals and on this account tbey will 
begin to press on each other again. The cOl^ct of tiiis 
renewed pressure will be to increase tbe velocity of /?» and 
diminish that of ji; and this wiU continue till the velociiy 
of 5 becomes so much greater than that of A that the two 
bodies separatej and then all further action censes. 
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In the first place, we" may obeenre that this action con- 
aists of two distinct parts ; one, thai during which the 
bodies are undergoing compression, and the other that in 
which the bodies are expanding so as to recover their 
shape* The former is called the actioH of eomprsssumf and 
the latter the action of expansion. , 

We must also observe that the action of compression 
ceases, and that of expansion begins, at the instant when 
the velocities of the two bodies become equaL 

The instant at which the bodies first come in contact is 
called the beginning of impact. 

The instant at which the velocities become equal is 
called the end of compression ; or, what is the same thing, 
the beginning of expansion. 

And the instant at which the bodies separate is called 
the end of impact. 

If the bodies strike each other moving in opposite 
directions the description would be the same. 

On the difference between Finite and Impulsive Forces. 

99. A finite force is a force that acts for a finite time, 
such as the force of gravity. An impukive force is a force 
which acts during an extremely small time, and is so called 
because the forces that take place in any impulse, or impact, 
always act in an extremely small time. 

In the case of the impact just described, the time which 
elapses between the beginning and end of impact is always 
extremely small, so small that it neither has been nor can 
be measured. 

In consequence of this, all that we can find out in the 
■• of impact is the whole effect produced by the impact. 
We cannot find how the body is moved during the 
■**ct, because the time is so short that it is impossible to 
'■^ciate the variation of motion. 
"he contrary is the case with finite forces. When we 
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ancerned with finite farces, it is always our object to 
find out how the hotly is moving at any time wl»ilc it is 
tinder the action of a finite force. This constitutes the 
great distioction between problems which relate to finite 
and impulsive forces* 

There is also another important difference between 
tbem, which is this: in the case of finite forces, the body 
moves over a finite space during' tlie action of tbe force, 
and therefore its position is sensibly changed by tbe force j 
but, in the case of impulsive forces, the action of the forces 
is finished before the position of the bodies has been 
sensibly altered. 

100. To prove that no momentum is lost in the impact 
of the bodies A and B (the momentum of a body is its 

mass multiplied by its velocity ). 

The pressure exerted by A upon B is equal to the 
pressure exerted by B upon A^ daring the whole impact. 

Now, by the ihiri law of motion j a pressure always 
generates or destroys a momentum proportional to itself; 
therefore the momentum whicli is destroyed in A by the 
pressure of B must be equal to the momentum generated 
in B by the pressure of A \ 

,\ during the whole of the impact whatever momentum 
J loseSj at any instant, B gains ; consequently, no 
momentum is lost ; 

i, e. the sum of the momenta of two bodies is invariable* 



101. Having given the velocities of A and B at the 
commencement of the impact, to find their common 
velocities at tbe end of compression. 

Let u and » be the velocities of A and B at the 
beginning of the impact, and i/ t their velocities at the 
end of compression, and 

.% U' = 13* 

Let ^ and B denote the masses of A and J5j then the 
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wLich produced their eompresfeiioii. It is also found by 
exf^eriment that the pressure exerted during the expan- 
sion of the two impinging bodies, ^4 and B^ is always in & 
given proportion to the pressure exerted during tbeir com- 
pression ; and J consequentlyj it follows that the momeBtum 
produced in either of the bodies during the expansion is in 
a given proportion to the momei^tnro produced in that body 
during the compression- 

To express this matlieinatically : 

Let n' and r" be the velocities of ji and S^ at the end 
of the impact; 

Then the momentum generated in M^ during the com- 
pression, is B^' — Bt; (becattse u' is the velocity at the 
end, and is at the beginning of compression.) 

In the same way, the momentum generated during the 
expunsion ^ J? c ' — J? i?' ; and these two must be in a 
given proportion ; 

•*• ^S~"^ K~ ~ ^ given quantity, which quantity is 

generally represented by the Greek letter X ; 

Bm' ^Bt _ . 
^^' Bv'-'Bv " ' 

.which equation represents what is called the law of 

In the same way precisely it may be shown that 

u' — u = X (««' — ti)» 

The quantity X, which is used here, is called the 
.co-efficient of elasticihj^ and is always less than unity j 
I though in some cases, as glass, it is very nearly = I. 

When X ^ I the elasiicity is said to be perfect ; and 
when X ^ the body is said to be perfectlv inelastte. 





bodies, and aiifipcMe 

that befarc impact 

thej more with vcka^ 

eltiefl Uy F'y wixi^ sor 

represented bj the 

diagonals of the ^m^ 

nilMfifmiia in the fiforc. lj&% MN \m the directiaa in 

wliMl I ho iMHlies arike esch other, i, ^. the line which is 

iitkuUr to the i^rractfs of both bodies at the point 

whc^rc^ ili4*y ixima in c^onticL. Hie bodies are suppoaed tu 

\m pf«Tfcctljr iinootbi «nd therefore they can only press 

upon i^fth cithrr in the dtrDCtion of the line MN. 

lUmiiUii theToJodty P into two other velocities u and ^, 
ii in tins [Urv«tk»l M Nt Md # in a direetjon perpendicular 
to It. 

In the same way resolve the velocity F into v and y; 
tJ in the direction J/ JNT, and ^ in the direction perpsir- 
dicular to it 

Then the velocities jp and y will not be altered by the 
impact; because the pressure exercised by the impact is 
perpendicular to the direction of x and y, and pressure can 
never produce any effect in a direction perpendicular to 
itself. 

Also> by the second law of motion, the alteration pro- 
duced in the velocities u and v will be exactly the same as 
if the velocities x and ^ did not exist 

Hence the results obtained in the case of direct impact 
will apply to find the alteration produced in the velocities 
u and V. If therefore u and v' be the velocities of the 
bodies at the end of compression in the direction Jkf iV(and 
/. u = «?'), and if u" v" be the velocities at the end of the 



I 



•\ 



in 

iapoet ia Ae &nc6am MXp then bj the picnoas pio- 
IMHtio.1101], 

, Jm±Br 

and*'— «' = A<«' — «J; 
r — r = A\w — r>. 

IMPACT as A FLASK. 

104. Suppose the bodj to stzike the plane 

Jjet the line AB represent the Telocity N^/^ ' 
with which it strikes the plane. Rcsoke ^ 
the Telocitj AB into two other xelocities, 
AD and A£i AD along the plane, and 
AE perpcndicidar to it. Then the Telocitj 
AD win not he altered hj the impact ^^there- 
fore it takes place perpendicular to the plane); bat the 
Telodtj AE will be altered, in exactly the same waj as if 
the yelocitj A D did not exist. At th^ moment of compres- 
sion the body will haTe no Telocity in a direction perpen- 
dicolar to the plane ; (because at the end of compression 
the two striking bodies haTe the same Telocity, and, since 
the plane has no Telocity, the body must haTe no Telocity 
either.) Let AF he the Telocity generated in the expan* 
sion, then AF must = X (^ jB) (102.) 

Hence we may find the whole motion after impact, by 
simply remembering that the Telocity of the body along 
the plane is not altered, and the Telocity of the body 
perpendicular to the plane is reTersed in direction, and 
diminished in the proportion of X : 1. 

Let L BAE = a; 
L CAF ^Pi; 

then tan. a »s — - ; 

A A 
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m MB = CF, and FJ = X {AE), 

A tan, a = X tan. 3^ 

a is called the angle of incidence ; J3 the angle of 
reflectioD ; 

.•* the tangent of the angle of incidence — X (the tangent | 
of the angle of reflection.) 

] 05* The force of gravity is measured by the momentum 
produced in the body in one second of time i if, however, 
imp u him force were measured that way it would be infi- 
nitely great, and therefore we measure impulsive force by 
the whole momentum it produces during the time of its 
action* 

106. Let AtS be two bodies --^ 

moving in the direction of the ^ ~?^ 
upper arrow ; and let A overtake 

i?. During the tin»e of compression there is a mutual 
impulse acting between the bodies, and we shall measure 
it as an impulsive force. 

Let -R be the impulsive pressure that acts between these 
bodies. 

R then is measured by the momentum it produces 
during the time of its action^ i.e. during the compression. 

Let u = velocity of A before impact ; 

u = velocity of A at the end of compression ; 

.'. M — w' = alteration of velocity produced by 
compression ; 

.'. A {u ^ u^ =^ alteration of momentum. 

This is produced by the force R ; 

.'. this must = R ; 

.-. A{u^v:)^ R (1) 
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In the same way the alteration of momentum in Ji 

/. i?(r'-t?) = iJ . . , , . (2) 
A from (I) 

Au-^ Be 



A u = 



A^ £ 



as before (lOK) 



In the case of the expansion, we know from the law of 
elasticity (10^) that the effect produced hy the expan- 
sioQ : that produced by the compression u A ; L 

.-, if M be the impulsive force during compression, 
X i? = impulsive force during expansion ; 

and the alteration of momentum during the expansion 

^ A(u~ u') ; 

and in the same way B (v" ^ v'} = XB; 
.V A{u'^u") = XA{u^u')i 

,\ li' — li" = X (« — f*'); 

A ii" = (l + X)u-Xn 

and also «j" = (1 -|- X)^;' — A v 

107* Let a ball A strike two 
other equal balls B and £, which 
are at rest ; the directions of the 
impulses making equal angles with 
the line A C. 

Let M be the impulsive force 
between the ball A and the balls 
B during compression. 

Let 6 be the angle which the direction of the impulse 
makes with A C; let u he the velocity of .4 before impact; 
u the velocity of A at the end of compression ; v that of 
each of the balls B at the same time. 
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substitating the value of It from (2) in (1) ; 

and from (3) r = u cos, ; 

we have -^ (ii — «' ) =s 2Bu cos.* ; 

•'• "^ "" ^ + 2^cos.'e '• 

9 = tt' cos. ; 

__ Au cos. 
" A-{'2Bcos.'e'' 

The velocity at the end of expansion may be found 
from the law of elasticity. 

Let u" = velocity of A at the end of expansion ; 
by (102) «' - t*" = X(t#-ti"); 
and, in the same way, if r" be the velocity of the balls B 
at the end of expansion, 

17 — 1? = Ar ; 

(because B has no original velocity, t. «. r = 0) ; 

which gives t*" = (1 + X) ti' — X ti ; 

r" = (l +X)t7'; 

substituting the value above found for n! and v in these 
equations, we obtain the velocities at the end of 
expansion. 



To find the effect of the Impact when a body having a fixed 
axis is struck by an impulsive force. 

108. Let the accompanying figure repre- 
sent a beam, having a fixed point or axis 
at A, and let it be struck by an impulsive 
fcHTce /?, acting at the end of the beam in a 
direction perpendicular to it. ^ "^ 
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be any particle of the beam at a distance r from 1 
point J, and let a be the angular velocity pro-] 
c the impulsive action. 

the velocity of the particle m produced by the] 
J will be rcij and the momentum produced in itj 
I refore be mra. 

momentum therefore represents the impulsive forcal 
called into action on the particle m^ and similarly 
Yvc ^ay £nd the impulsive force brought into action onj 
any other part of the beam. 

NoWj we want to find the tendency of the forces to turn] 
the beam round A^ and thereibre we must consider the] 
moment round that point* 

The moment of the force on the particle m round j^J 
will be got hy multiplying the force by r- 

.•. the moment of the impulsive force = mr^ tL\ 

&o also for any other particle ot' . - . ^ i»' r/o ; 

and GO on. 

Thereforej adding these together^ we find the whole 
moment of the forces which tend to turn the beam round 
the point A^ which moment therefore is 



= {p,r^a + m/^a. *. . . + &c ) 

= a(wr* + m^r/ . . . + &c ) 



The quantity here in brackets is the moment of inertia 
of the beam round the point A (86) ; 

.*. if MK^ be that moment of inertia, the moment of 
all the forces tending to turn the beam round its axis is 

MK'a. 

Now, the force R is that force which tends to turn the 
beam about the point, and produces those forces whose 
moment we have just estimated ; therefore the moment of 
the force R about the point A must be the same as that 
above found. 
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But rhe moment of R = Rb; 
(i being the length of the beam ;) 
A MK'a = Mti 
Mb 

.% the angular velocity produced by the impulsive force 
is the moment of the impulsive force divided by the 
moment of inertia. 

We have supposed that the beam has no angular 
velocity previously to the action of the force ; we will novif 
suppose that it had originally a certain angular velocity, 
and that the effect of the force is to alter that velocity 
into a/, then a^ — a is the alteration of velocity produced 
by the impact, or, in other words, is the angular velocity 
produced by the force^ and 



a, — a = 



Mb 



MK^* 



Example. — Tha Balluiic Pendulum* — The ballistic pen- 
dulum is an instrument for measuring the velocity of a 
cannon ball, i. e, the force of gunpowder. It consists^ in 
its simplest form, of a beam, which can swing on a fixed 
axis aC one end^ while the ball strikes the other end \ and 
the angle through which that end moves being known, the 
velocity of the cannon ball may be computed. 

Let the figure represent a beam move- 
able round a fixed aids at A^ and let a 
ball B strike it at its lowest point; (the 
beam is supposed perfectly hard*) 

Let i2 be the impulsive force that is 
exercised by the ball and the beam. 

Let a, be the angular velocity produced in the beain| 
V the velocity of the ball before impact; 
V* the velocity of the ball after impact. 



M 
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But the work done by gravity = (the weight of the 
l>eain) x (the height the centre of gravity rises) 

Let BE = A; 
and since the centre of gravity rises a space s 5 ; 

(v Mg is weight of beam); 

.-. MK'a^ = Mgh . . (5) 

To find A we must know CE or c. 

The extent of the vibration is known by fixing a sharp 
needle into the end of the beam, which gives a scratch to 
any soft composition laid in a groove ; from this we have 
the chord of the arc described, and by cor. prop. 8 of the 
sixth book of Euclid, 

6A = c»; 



Substitute this in equation (5), and we find a^ ; substitute 
again the value of a^ thus found in equation (4), and we 
find V, the velocity of the cannon ball. 



B B 




{b hfilng the length of the beam, and M its mass ;) 

and ff — ff is the velocity genera ted j and £ {v ~ v*) is the 
momentum produced in the baJl by the force M ; 



/. B(it-v') = M, 



(2) 



and also at the end of compression (which here is the en 

of impacts because the beam is hard\ the ball and the 

point of the beam which it touches have the same velocity, 

The velocity of the end of the beam is ha^i 

,\ ba^ = v' (3) 

Now, from (3) we have ^' j 

,-, substituting in (2) J3 (i? — 6 a J = R; 

.V from (1) [MK' + Bh'}a^ = Bbv .... (4.) 

If we suppose v to be ^ven^ we can find from this the 
angular velocity of the beam. 

If the angular velocity of the beam is known^ the 
velocity of the ball may be found. 
This latter is what is required. 

The [angular velocity of the beam may be easily found 
as follows : — 

If the height to which the beam rises be 
observed, the angular velocity with which it 
starts may be known. 

Work accumulated to raise it to that 
height = J the vis viva. 

Now, the vis viva = MK^af (95.) 
When the beam has risen to the point C, 
gravity overcomes the force which raised it 
ttr^hat height, and therefore the work done 
by gravity equals he work accumulated in the beam. 
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But the work done by gravity = (the weight of the 
beam) x (the height the centre of gravity rises) 

Lei BE = A; 
and since the centre of gravity rises a space s x ; 

( V Mg is weight of beam) ; 

/. MK*a^ = Mgh . . (5) 

To find h we must know CE or c\ 

The extent of the vibration is known by fixing a sharp 
needle into the end of the beam, which gives a scratch to 
any soft composition laid in a groove ; from this we have 
the chord of the arc described, and by cor. prop. 8 of the 
sixth book of Euclid, 

bh = c'; 



Substitute this in equation (5), and we find a^ ; substitute 
again the value of a^ thus found in equation (4), and we 
find V, the velocity of the cannon ball. 



B B 
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ON PEOJECTILES, 

10£)< To find the path described hj a body whieh is projected 
with a given vehcitify and in a givan direction^ neglecting 
the resutance of the air. 

Suppose the body to be projected 
in the direction ASj with the ve- 
locity % and let t be the time in 
which tlie body would describe jIB 
with the velocity of projection ; and 
let ^O he the space through which 
the force of gravity would cause it 
to descend in the sAme time t \ com- 
plete the parallelogram ABFO^ 
and P will be the point in the curve where 
be found after the time ^•* 

Now, since the velocity in the direction AB m uniform 

AB ^i^ ■ ■ (1) 

and, by page 98, 

AO ^ BF = y^ ... (2) 
AB' 




the body will 



from (1) t' = 



BF = 



or AB^ = 



l9 



^v' 



AB' 



BF'. 



^ 



* After the pf oof of the pcLrallelogmiD of forces, a formal proof of the 
piirallelognLiD of velocitieB B&ema unnecc&^ry ; foFj Biuce the lines whi<^ 
rep relent the proportion of the for eci; are dcj^uribed In the same time^ aud 
aini^e the velocity of a hody ia proportioDul to tht; spacfi iluaeribed in a given 
time, these lines will also reprefient the velocities. ThcB as the velocity 
with -^hich the diagonal ia described Ia to the velocity with which eilUer 
of the aidfiii i£ doicribod, ek) U the dia^oiial to either of the ddoa. 



^ 
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or PO' = —.AO ... (3) 
9 



2f>* 



hence the curve is a parahola whose parameter is — . 



110. Tojind the path described by a Projectile referred to 
horizontal and vertical axes of co-ordinates, • 

Let^D = ^, DP=y, 5^C = 0; Y B 

then, since AB = tv,yre have 




AD == a? = ^u COS. (jff 

and BD = tv sin. ; 
but BPy by the last article, = i ffl'^ 
and PD = y = BD — BP = tv sin.0 — | ^<* ; 

i.e. X ^=z tv COS. (4) 



y ^ tv sin. — J ^r^'. . . (5) ; 



from (4) t = 



a? 



i? COS. 



; substitute this in (5), and we have 



y = a? tan. — I 



^■g' 



1?" COS.'0 



- . . • . (6.) 



If h be the height due to the velocity «?, then A = — by 
page 98 ; this, substituted in (6), 

x^ 



y ^x tan. - ;j- 



h cos.*0 



(7.) 



111. Tojind the range and time of flight of the Projectile^ 
on a horizontal plane. 

The range AC can be easily determined by equation (6), 
for, when x = AC, y is evidently = ; hence, making 
y = in (6), we have 
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as « tan^ — 4 . —2 ;— ; 




2«' cos.<^ . tan.^ ^v'siK^coHi^ 
or or =s ^«- ^ ^E= i xi; 

or^ sinoe )d sin. ^ coi.^ ass^aukSf^ 



The horizontaL range A C will evideatLj be 

aiiu2^ iflgreateatt that ia^ wheiLaiiu2^ =^1» org^- ■■ Ml;: 

/• ^ 1=^45 will give the greateal range ior a gms-Trioai^ 

At all angles equally diatanft from. 4S^ the 

; for. 



sin. (90* -f- «?) = sin. (90* -— «f) ; 
or sm.i2 (l5° -^ ^) = sin.i> (45« — ^ ; 

we may eitlier puL to^ — - , or k> — - , tor <p^ and the 
range wiil be ihe r^onie. 

The time (3t iluriit c;iu ue determmeti by equation (5), iu 
making //=<>- 

i) = .'J7 bin. «p — V ijt^ ; 



112. y//*? reLciCiltf md direction <// a projectile being gweuj 
to Jin d the time nf jligiu and range on an inclined piamty 
pasnpg throng k the point of prrgectioji. 

Let A P he ilie inciined plane, a = angle PAD, and 
i>, as before^ the anLjle ot' projection. 



T^BAcncAL imciLAsacs. IS^ 



Sin. £JF : mn.£TJ :: BP : JB; ^ '' 

hot sai.JiFB = Bai,JFD = cos. PAD ' 
^ cos.fi: 



^' 



EtiEi sni,BAP = am. (^ — o^, and BP 

= I f7%BSkCiAG = tT; ^f 5~ ^ 

--. fiiL Iff — B) : COR. a : : J pi^ •'**== I ^^ =«" ; 

. 2r sin. ^ — a 

/7 ^^ COS. a 

Ti'jfimd the ranpe, 

Sui.JBP : BI1.JPB :: AP : ./iJ. 

,<T COS. a cos.« 

EBd, as before, APB = cos. o ; 
also, an. ABP = cos. BAD = cos. ^ : 

^ „ 4 A . sin. 6 — a") 

COS. «b : COF. a : : AP : ^ ; 

COS. a 



yi^,AB = i^^^.^ »-°^ = 4A/JHi^--^; 



__ 4 A . sin. \^ — g) . COS. y > 
COS.* o 

If AP falls below AD^ then o must be taken ncirativo. 



beBce tbe ranze AP • 

° COS.* i 



1. From the two ends of a vertical line, two bodies are* 
at the same instant, projected towards each other, with 
Telodties r, r. Required their distance when half the 
time in which thej would meet is elapsed. 

2L With what Telocitv must a hody be projected from a 
tower, in a direction parallel to the horizoiu so that it 
shall strike the ground at a distance from tlie foot of the 
tower, equal to half the height of the tower f 

3. A body, projected at an angle of 13^' to the horizon, 
ranges 100 fee^t on an horizontal plane. How high would 




tie 

ife rtaik if it 

¥Vfliil!^<II 

itMrtk is 10 
'\ rV imdr fUh » 

^«^^ i% *iUBIIlHll of iti I 

HfieMa^ finii ^^^t in liit aeqHad ivfaa^f 

.iim ' ^^> It ii reqinrad to iB^pi 

• npi:; 'otnmon centre of guLvilj 




■ «rk^«S «• !<*■ 



LTn.. .-.trrciioii ot pTQjectiaiL: find 
vt<-r«Muc .ibove the inc&ned 



. ,^ 4, -* ■ .'j^xi..:: .;v«;:ic<f ."Ue greatest 






• ' >" t' n^rtect eiaadcitj' as 

i- :.;::tuu' •«■ above a per- 
4'i T-n^inui joncinuallT tQI 

r:t,; .iu» vhole 



- : - -. *n 'is;nrw zime witik 

» I . :•;:» tn^., n ittf TTnSiilr 

....... :% ~='.r,"i— 4) 



iii-i tinv triiiL <tii- 
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ferent points in the same vertical line, and with the 
velocities acquired move along a horizontal plane» till one 
overtakes the other. Show that the time of A^9 descent is 
equal to the time of Ss uniform motion. 

14. Two bodies are projected towards each other in the 
same vertical plane from two given points, so as to describe 
the same parabola. Find the point where they meet. 

15. A body projected at an angle of 60^ hits a mark at 
the distance of 300 feet upon an inclined plane whose 
elevation is 30**. Required the velocity of projection, the . 
greatest height above the plane, and the time of flight. 

16. An imperfectly elastic ball being projected from P, 
a point in the periphery of a circle PQRy whose centre is 
C, after impinging at Q and jR, returns to P. Required 
the value of the angle CPQ. 

17. In the oblique impact of an imperfectly elastic body 
upon a plane, cotan. incidence : cotan. reflection : : force 
of compression : force of elasticity. 

18. A projectile is to be thrown across a plain 120 
feet wide, to strike a mark 30 feet high, the velocity of 
projection being that acquired down 80 feet. Find at 
what angle it must be projected. 

19. A ball is projected from a given point in the hori- 
zontal plane at an angle of 30^, and after describing two- 
thirds of its horizontal range, strikes against a sonorous 
body ; having given the whole interval between the instant 
of projection, and the instant when the sound reaches the 
point of projection : to find the initial velocity. 

20. A ball, whose elasticity : perfect elasticity :: « : 1, 
is projected obliquely upwards, from a point in the hori- 
zontal plane, upon which it impinges and rebounds con- 
tinually. Prove that the ranges and times of flight in the 
successive parabolas described form geometric progressions; 
and find their sum. 



Itfc: THTOiairrcc'jLL ant 



rtuiiiiiriun ir ii/:— Jiaiiii iiuicL. 

: i till It ;ft u: "^js: ii. l v»sh«,. zmi hoBf: of vLich is 
i^railH! \\ ;ift ii:ri£.iii.. sruu! pant nc int buBc are equaDr 

Jir. mr.n t^'^r-/ :»Lr: :!: -ijt ruist "Ojsrf- i$ an equal 
- 1 1 mn 11 i i -n *. 1 : 1: 1 :. pv : ■:• : ^rif 1 i : eh il . as^ lil iLe co'jtudiis 
iTft ii* tfiji;u V t^r:.!. ii-tj niis: j^rfaf lif base sqnaliT, or 
?fiuai iw** ;t :.:it ".suh* "^t-I, suRuiz: lt equiii pressure. 

.V,l Ulit ;,»irLt -.•: --i-t iiLii zrsss ecTiJiUT at the sime 

U'li: .ir't!«u*t jf 4 di^id a: anj dep:h is as the depth of 
'ill! ;liu(i. 

i«.»r '.lit: pfiiwufe is as the weight, and the weight is as 

III: .iri!^*r. ;i* 1 ;:! jmn of the fluid. 

I i . ■: •;->:.: by its own weight, or bj any other 



I. I.' 



.:. :: cresses equally in every direction 



^ \ 



. % I 



• -v. :...^ :\.i:ure of fluidity, which is, to yield 

■ r-.'. ."..r-.'-.ion. If it cannot give way to 

^ ' . .-. •» .-.; '.-.i/.. it will press against other parts 

. r.c:..^:*. o:" :hat force; and the pressure 

. ■> - . -.• N.-:v.o: vr if any one was less, the 

■': .i/A ■.:":;/. :he pressure was the same 

••..<v. ,-.' ;.*- 'V. /.c a tluid, the pressure is 
^ .» )«. :v .i.> .tj;Ai!:s: the sides, or even 



I-...;:. a.M:u.Lie, wiiacever 
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The pressure of a fluid against any upright surface,^ as 
the gate of a sluice, is equal to the area of that surface 
multiplied by half its depth. 

Ex, — If the gate of a sluice he 9 feet broad and 6 feet 
deep, what is the pressure of water against it ? 

9 X 6 X 3 = 162 = the area multiplied by half the 
depth. 

162 X 1000 



16 



= 10125 lbs. or 4.5 tons. 



The pressure against the internal surface of a cubical 
vessel is three times the weight of the fluid contained in 
it; for the pressure against one side of the vessel is equal 
to half the pressure on the bottom. 

Ex. — What pressure does the internal surface of a 
cubical vessel sustain, each side of the cube being 4 feet ? 

4' X 62|* = 4000 = pressure on the bottom. 

4 
4 X 4 X 5 X 62 J = 2000 = pressure on one of its sides ; 

hence 4 x 2000 = 8000 =; pressures on the four^ides; 
/. the whole pressure = 8000 + 4000 = 12000. 

If a hollow sphere be filled with fluid, the whole pres- 
sure against the internal surface is three times the weight 
of the contained fluid. 

Let r = its radius j /. 4 ^rr* = its internal surface, and 
if « = the weight of an unit of volume of the fluid, the 
pressure 

= * . r . 47rr* s= 47rr'«; 

but the content of the sphere =i ^wr^^ 

and its weight = ^ Trr'*; 

/. the pressure : the weight of the fluid :: iw7^8 : ^irr** 

::3:1. 



* Q2k lbs. is the weight of a cubic foot of water. 
C C 











iT « 



i: 



yttmmiK v« lar »iks«r . = 




3C 



■% 
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JEx. — The length or depth of a flood-gate is 12 feet, 
breadth 14 feet; the hinges being placed one foot from 
the upper and lower extremity respectively. Find the 
pressure on each hinge. 

The pressure of the water on each half of the gate is 

= 7 X 12 X ~ X 62.5 = 31500 lbs. 
2 

Now, AD being the depth, and P the centre of pressure, 
DP^i.AD^^ = 4^, and BO ^ AD -- AB -- CD 
= 12 -2 = 10; 5P = 5i> - 2)P = 11 - 4 = 7 ; 

/. pressure on the hinge C = jjc = 22050 lbs. ; 

.\ pressure on 5 = 31500 — 22050 = 9450 lbs. ; 

Or thus ; 

T> T, P X PC 31500 X 3 n^KAiu 
Pressure on 5 = — ^-7^ — =s ^7^ =s 9450 lbs, ; 

since PC = Pi) - Ci> = 4 - 1 = 3, 

AB C is a transverse section of an iron vessel i of an 
inch thick, 40 feet in length, and of a form sUch that AC 
the breadth of beam is to £G^ as 4 is to 5, BG being 
20 feet. Required the depth to which the vessel will 
sink, there being no deck. 

AC : BG :: 4:5; 
/. AC = ^^^ 16 feet. 




AB= VBG* -k- AG* 

= VW+T' = 1/464 = 21.64. 

Mean thickness of iron plates, &c. = 7 inch ^b — foot 

;= .0208 foot. 
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Cubic feet of iroa in Teasel 
= {2JB x40+2~ xBG) x MQS 

= (2 X £1.54 X 10 + 16 X m) X jy^m 

^ 42*49856 cubis feet ; 

A weight of vessel (at 487 1 lbs, per cubic foot) 
= 43,40850 X 487,5 lbs. == 20718,09 lbs-; 

but weigkt of water displaced =?; weight of vessel 

= 20718.09 lbs-; 

,. , , £0718,09 , , . ^ 
.% volume of water displaced = ~^S25~' ^^°^^ ^^ 

= 3tJL49 cubic feet 

Now, if JF = depth BE to which the vessel will siokia 
order to displace thi« volume of water^ and it J)F= ^jj 

then volume = ^ x ^ x 40 = 331-40 ; 

331.49 



^y = 



40 



= 8.^8975; 



2 



and ^y : a? : : 4 : 5 ; .'. 2a? = 5y ; /. y = = a? = Aw. 

Substituting for y its value in terms of a, 
X X .4 a? = 8.28975; 
8.28975 



X* — 



= 20.724375; 



/, w = 1/20,7^ 1375 = 4.5524 feet = depth to which 
the vessel will sink. 

A wall of masonry, each cubic foot of which weighs 
100 Iha,, the height is 10 feet, the thickness 3 feet, Fmd 
the height of water, so that the wall may be on the point 
of overturning. 

10 X 3 X 1 X 100 = 3000 = weight of the wall; 

the moment of the wall = 3000 x 5 = 4500. 
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Let X = height of the water ; 

then a? X X X 5 X 62.5 = moment of the water ; 



ne = 7.5. 

If the height of the wall be 8 feet, the thickness 6 feet, 
and the weight of a cubic foot 180 lbs. Find whether it 
will stand or fall^ supposing the water level with the top. 

The surface upon which the water presses is 8 x 1 ; 

c 
.% 8 X 1 X 5 X 62.5 = 2000 = weight of water; 

Q 

2000 X 5 = 5333^ = moment of the water; 

8 X 1 X 6 X 180 = 8640 lbs. =5 weight of the wall ; 

/. 8640 X 5 = 25920 = the moment of the wall. 

The moment of the wall being greater than that of the 
water, the wall will stand. 

Remark. — It is only necessary to calculate for a wall 
one foot in length, for every foot will be equally stable. 



ON THE MODULUS OR CO-EFFICIENT OF STABILITY. 

115. The Modulus of Stability* is the ratio of 'CI to 
CF (see figure^ page 64) ; it is clear that a structure of any 
kind will be more stable the nearer the point / is to i<*, 
the point where the vertical through the centre of gravity 
meets the base. The celebrated Vauban generally made 

* Professor Mdseley uses the term modvlua of stabilUy; the French 
writers use ohefficient of stability. 
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aoc '3i LIS- 



I X li-JCil^ 



camc:£B^L3t IfTAB, 



= ( [ < 14* jc ^ -nitnr%T 

Draw Am bisecting the baae^C iiL m; takisjmir^^mL 
Dtstw nGOthxouqh G parailel tor^^Tr &ik CliBtt &■ 
the perpendicular 6^i)y and at (7ereet:ap8s:pai£B3iiwC^O; 
fhext 7$ i» at depth, of | ^^, b&n^ the (TBntnf q£ pKaoHc 
through which P act» in directiini nCrQj, pespeifiEdkr 
t6 the snr&ce ^^ ; also G i» centre of gjmrity rf tbe or- 
bankment, through which its^ w^ght W acts pi itfirfij m 
direction GD. 

r% moment of ^nbankment about C ^ €^Z> x W 

= 4x 4014=13656; 

and moment of presHire of water about C = CO x P 

^BnxP^^4 ^ ^^^ = 285834; 

^h^ff^f^, sHAce the latter exceeds the former, the 
ment will be overturned. 



I 

i 
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€3ff TOE HTDR06TATIC PARADOX. 



1 Hi The hydrostatic paradox may be explained upon tlie 
same principles as the mechanical powers ; and an explaii- 
stioQ conducted in this manner strips it of iu paradoxical 
appearance. 

The hydrostatic paradox is expressed thus : — A quantity 
of iuid^ however small, may be made to balance a quantity, 
bo werer large- Thus, let ^5 be a large vessel, and CD 
a small one which is connected with it. Then, if water be 
poured into either of them, it will stand at the same 
height in both; consequently there is an equitihrium 
between them. 

Nowj it must he observed that there is an equilibrium 
between them, in the same manner as in any of the mecha* 
nical powers^ Take the lever, for instance : suppose 1 lb. 
to balance 100 lbs. j this is exactly the same as 1 Ih* 
batancing 100 lbs. in the hydrostatic paradox* In the 
foriBer case, the length of the arms of the lever must be 
in proportion to each other as 1 to 100; and, in the latter, 
the area of the vessels must be to each other as I to 100, 
But, properly speaking, 1 lb, does not, and cannot, balance 
100 lbs. in any case whatever; for I lb* can only balance 
1 lb. use what means you will. 

Archimedes only required a fixed point to be able to 
sustain the whole earth; but, as Carnot very justly 
observed, if he had found it, it would not, in fact, have 
been Archimedes, but the fixed point or fulcrum, which 
would have sustained the earth.. 

In the hydrostatic paradox also, I lb. instead of balanc- 
ing 100 lbs. only balances 1 lb. All the rest of the weight 
is supported by the vessel, in the same manner as the 
weight is supported on the fulcrum cjf the lever. 

And, to show that the same takes place as in the lever, 
fix a piston which is water-tight into either of them, — 
suppose the greater, for instance; and if the area of the 
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If the specific graTitj of the body and fluid are equal, 
tben die body will remain at rest in any part of the fluid. 

If the body be heavier than the fluid, it loses as much 
oS its weight, when immersed, as is equal in weight to a 
quanti^ of the fluid of the same bulk. 

If the specific gravity of the fluid be greater than that 
of the body, then the quantity of the fluid displaced by 
the part immersed is equal in weight to the weight of the 
whole body. Therefore, the specific gravity of the fluid 
is to that of the body, as the whole magnitude of the body 
is to the part immersed. 

The specific gravities of equal solids are as their parts 
immersed in the same fluid. 

The specific gravities of fluids are as the weights lost 
by the same immersed body. 

When the Body is heavier than Water. 

Rule. — Weigh it both in and out of water, and then say, 
As the weight lost in water. 
Is to the whole or absolute weight ; 
So is the specific gravity of water, 
To the specific gravity of the body. 
^^.— Required the specific gravity of a piece of tin 
'Which weighs 23 lbs. but in water only 20 lbs. ; the specific 
gravity of water being 1000. 

23 — 20 = 3 lbs. weight lost in water. 
3 : 23 :: 1000 : 7333 = the specific gravity. 

When the Body is lighter than Water. 

Rule. — Attach to it a piece of another body, heavier 
than water, so that the mass compounded of the two may 
sink together. Weigh the denser body and the compound 
body separately, both out of the water and in it, and find 
how much each loses in the water by subtracting its 
weight in water from its weight in air ; and subtract the 
less of these remainders from the greater. Then use the 
following proportion : 

D D 
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If it were required to know what weight must be added 
to it, so as to make the upper surface level with the 
water : — 

The weight of the water displaced is equal to the weight 
of the body ; but when the upper surface is level with the 
water ^ there is a cubic foot of water displaced, the weight 
of which is 1000 ounces. Therefore it will require as 
much weight to be added to it as to make the weight of 
the body 1000 ounces. 

1000 — 925 = 75 ounces = the weight which must be 
added to it, to make the upper surface level with the 
surface of the water. 

Ew. 2, — Suppose, by measurement, it be found that a 
man-of-war, with its ordnance, rigging, and appointments, 
sinks so deep as to displace 1300 tons of sea-water; what 
is the whole weight of the ship, supposing a cubic inch of 
sea-water to weigh .5949 of an ounce avoirdupois ? 

The weight of the water displaced is equal to the weight 
of the ship. 

216 gallons = 1 ton. 

1300 X 216 = 280800 gallons; and if we take 277.2738 
cubic inches to the gallon, then 280800 x 277.2738 = 
77858483.04 cubic inches, and this multiplied by .5949 
gives 46318011.5367 ounces = 1292.35 tons, the weight 
of the ship. 

Ex. 3. — An irregular fragment of glass, in the scale, 
weighs 171 grains, and another of magnet 102 grains; but 
in water the first fetches up no more than 120 grains, and 
the other 79 ; what then will their specific gravities turn 
out to be ? 

The specific gravities of diifferent bodies in the same 

fluid are as -, ; w being the weight of the body, and tv 

the weight lost in the fluid. 

171 109 

^ : ^ :: 3933 : 5202. 
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r'kmen thought that substituting part silver was only a 
^per perquisite; which taking air, Archimedes was 
pointed to examine it; who^ on putting it into a vessel 

water, found it raised the fluid 8.S245 cubic inches; 
d having discovered that the inch of gold more critically 
^ighed 10.36 ounces, and that of silver but 5.85 ounces, 

found by calculation what part of the king*s gold had 
en changed. And you are desired to repeat the process. 

10.36 : 1 :: 63 : 6.081 cubic inches. 
5.85 : 1 :: 63 : 10.77 cubic inches. 

By Alligation : 

« 99/i^ f ^'^^^ ) 2.5455 cubic inches gold. 
\ 10.77 j 2.1435 cubic inches silver. 

2.5455 + 2.1435 = 4.689; 

Then, 4.689 : 63 :: 2.5455 : 34.2 ounces gold. 
4.689 : 63 :: 2.1435 : 28.8 ounces silver. 

£la;. 7. — What must be the thickness of a right-angled 
ne of copper, the inner diameter of which is 20 inches, 
that it may just float with its edge level with the sur- 
ce of the fluid ; the specific gravities of the copper and 
lid being as 9 to 1, and the interior and exterior surfaces 
Lving a common base ? 

Let r = inner radius, t = thickness, and p = 3.1416. 
lien, since the cone is right-angled, the radius of the base 
equal to the altitude ; therefore, 

pir + trx{r+t) _ p[(r + ty-r'] 
3 ~ ~^' ~3 

.:{r + iy = 9{r + ty — 9t^. 

8{r + i)' = 9r'. 

2 (r + <) = »• ^9. 
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LIQUIDS. 



Snlplmric Acid 1,841 

KitrouaAcid 1,660 

Water jfrom the Dead Sea . 1,240 

ITitricAcid 1,218 

Sea-Water 1,026 

Milk 1,030 

BiBtilled Water 1,000 

Wine of Boardeaax . . . 994 



Burgundy Wine . . . 


991 


Oliye Oil 


915 


Muriatic Ether .... 


874 


Oil of Turpentine . . . 


870 


Liquid Bitumen . . . 


848 


Alcohol, absolute . . . 


792 


Sulphuric Ether . . . 


716 



Air at the Earth's Sur&ce, about I7 



*,* Since a cubic foot of water, at the temperature 40** Fahrenheit, 
weighs 1000 oz. avoirdupois, or 62i lbs., the numbers in the preceding 
Tables exhibit very nearly the respective weights of a cubic foot of the 
several substances tabulated. — Dr. Qregorifa Edition of Dr. Hutton'a 
Courge. 



ON REVETEMENTS. 



118. Coulomb was the first to form the happy idea of the 
prism of greatest pressure^ which he gave in the Savans 
Etrangers, for 1773. Since the pressure of the earth 
against a revetement wall will vary as we vary the angle a>, 
it is necessary to determine that value which must be given 
to w, or HbX, so that the line bX may cut oS the prism 
that will press with the greatest force against the wall Hb; 
for, this being determined^ a wall that will support this 
prism^ will, dfortiorif support any other prism. Coulomb 
gave it for a vertical wall, and observes : " To have the 
pressure of a surface of earth against a vertical plane, it is 
necessary to find among all the surfaces that which, solicited 
by its weight, and retained by its friction and its cohesion, 
requires for its equilibrium to be supported by a maximum 
horizontal force ; for it is evident that every other figure 
will require a less horizontal force to produce an equi- 
librium. As experience shows that the rupture of earth 
takes place nearly in a right line, it is suflScient in practice 
to find in an indefinite surface among all the prisms 
which press against a vertical plane, that which requires to 

EE 
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^ir— t) + Bin* a 6in* {m — t) 
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Row^ hj pt^ 29 QftUa Trigonctmotijt wc hare 

2 aiu. ^ sin, B = coa, ( J — -ff) — oo^ (A -\-B) 

^ - I COS. (^-1-^) - Go^{A-B} ] ; 

,% Still, m * »m* {«—■—*) — — {«». (BpH-Bf—o— f) — C09,(«— a + a + () } 

^ — { cofl. (2 a»— B— i) — eoa. (o+e) } ; 

. . / . / COS. (2 «— o- €) — COS. (o+e) \ 
.*. sm.w sin. («— o— €) = — ( -^^ o ^ ^ 1 ; 

j>.»/x / \ _ — j>^' {co8»( 2a>--a'-6)— C08.(a+6)} +4cfesin.aco8.6 

t*. — X COS. (w — o) — z ; r I 

^ ' 4cos.€ . cos.(«— e) ' 

_ j) /i^ { COS. (2 w — g— c) - cos, (a— f) } ~ 4cAsm.a cos. c 
' * "~ 4 cos. € cos. (« — e) . cos. («— o) ' 

Also, COS. A cos. 5 = i { cos. {A -{-B) + cos. {A —B) } ; 

.'. COS. («— «) COS. (ft»— a) = i { cos, («— € 4- «— o) + cos. («— €— w + a) } 

= i { cos, (2 o) -o— e) + COS. (o— e) } ; 

hence, by substitution, we have 

p ph^ COS. (2 «— a— €) — ph? cos. (a — e) — 4 c A sin. a cos. ^ 

2 COS. € . I cos. (2 «— o— e) -|- cos. (a— €) \ * 

which is to be a max. ; 

/)A^cos. (2«— o— €) —7)^2 COS. (a— €) — 4c^sin. asin.€ 
cos. (2 w—a—e ■\- COS. (a— e) 

= max., since 2 cos. e is constant. 




r 
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or, \)j the analysis of M. Persy, (see note, page SIS,) 

-^cos. («ii— a) 
^_ jjA*cos.(gflii — g — c) — pA*cos,(a + c) — 4cA sip.a co8.g 

4 COS.C • COS. (flii— c) 
at^a, finally, 

^ pA*cos.(2flii— g— g)— jpA*eo8.(a + c)— 4cAsin.acos.g .^ > 

2cos. [cos.(2«ii— a— g) + cos.(a— g)} 

This expression must be a maximum, or, since 2 cos.g is 
^ constant quantity, 

^j::^ _ ;?A*cos.(2cii— a — g) — pA*cos.(a4-g)— 4cA8in.acos. g^ 
"" cos. (Sen— a— «) + cos. (a— g) ' 



b) is the only variable, the above expression may be put 
^i:kto the following form : — 

j> _ g cos, (tt + ft) — ^ 
" C08.(f* + 6)+/' 

^^ _ — asin.(t»-f-J){cos.(«+J)+/}+sin.(tt + J){ocos.(M + 6)— ^} 
^'^ {cos.(« + 6)+/}' 

— sin.(fi-f-6) ( / . ,N .. / ,x 1 

= (COS.(« + ft)+/}' ^°'^°"-^" + ^) + "•^-^ C08.(« + J) +^} 

8in.(a + 6) / /. . x « 
°- {cos.(«+6)+/}' (''-^+^) = Q' 

/, w + 6 = 0, or 2(i» — a — g = 0; 

.*• w = I (o + g). 

The second differential co-efficient — 

d^P _ _ cos.'(i< + 6)+ 2sin.'(t^ + fr) +/cos.(^-f-^>) , 

rftt' "■ {cos.(«-h6) -h/f W+9)i 

is evidently negative when — = ; 

hence P is a maximum when w = J (a + «)• 
The prism of greatest pressure is therefore found by 

s 

V 



\ 




ifi«r«ii«M, li ti aS Sm o^ative, aaii thea cisiiies back to 

agmin; lot &' be die value at that tinie, 
pttHifl^ tk» ^lie of i' hi eqoasioa (6) ^^ 0, we ba^re 

this iubfiiiutad (ff} pwm 

^^^^ — sin/ i (<s+t) — ^^-^ ^^^-^^ ' 



i' = 



cog, € 






^i^AC4-A0 



sin*^ ^ (tt+t) CQa*E 



coa- ' E ^ coa,* i {a — f ) 

Navier puts — s * , , ; : = * , or 

^ COS. £ COS- I (a — e) 

sin. H^^^) _ ^ .# 



,', />*- ^ ph {h—h') t' cm.i 



(70 



* Thin Ik fhc rut\ft of tb$ bB«ie of iha prkm of gres^teat presBUfte to lie 
Iw^lfhl^ foTf hj note, page 210, 

//X _ ijg. at BJlt^t f*+^ 



co«, * co«* <» — i) cofl, ■ . COS. i (a— <) ' 
siikce H ^^ I (a 4~ ')- 
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yV^e maj bow pr o cee d to find the eSeci, of P oa the 
plane Hby and must tlvexe&re find ica point of application. 

In equation (7) let 2 be anj Tariable distance from B^ 
then 

this diffierentiated 

dP=pt* co8.f . (::— I A') dz. 

This represents the pressure on an element of Hb ; let P 
be the point where this pressure acts; 

then bPco8,€ ^ss h^z; 

k-z 



.-. JP = 



COS.€ 



Now, measoring the moments firom 6, the moment of 
this element is 

dP X bP^pf C09.f (5-4 k') dz . ^^^ 

= pt'iz-ii')dz{h-:). 

Now, the sum of the moments of all the pressures dP 
will give the moment of the pressure P; or, which is the 
same, 

. .p _ !/><•** (U - 1*0 _ A g A- i A') . 
• J joA (A- A') <» cos.£ ~ (A- A') cos. t ' 

which is the distance from b, where the pressure must be 
applied. 

If we want to find the point of application of the 
pressure of water against an upright wall, we must make 



TfiEO&BTtCAL ANB 



§1 ^ 0« sifiCe the coKasion is tioihlog ; and e ^ 0, therefore 
coB.i ?= 1 ; tliea hP i=^ \h, the same as observed at p. 196 
for tbe distance of tlie centre of pressure. 

ox SUBCHAfiOED BEVETEMEHTS. 

119, PoDcelet, ia the Memorial de FOJIcier du Genie f 
Not 13, giv€3 a general solution to this case. Professor 
Moselej, in his great work, {Mechanical Principles of En* 
ffiBteria^ and Arckiteclure^ also gives a neat solution to 
the same. The latter philosopher has found the pressure 
in a manner equallj simple and elegant, and the following 
solution is nearly the same as he has given. In finding 
the moment of the thrust, however, Moseley neglects the 
influence of the small part D CA on the equilibrium, and 
integrates between the limits of BA and BZ^ whereas 
Poncelet integrates between the limits of BE and B C* 

Let DK represent the natural 
alope of ibe earth , and KL its 
horizontal surface; SA the in- 
ternal face of the walL Produce 
£A and LK to meet in B ; let 
AZ represent any portion of 
internal surface of the wallj and 
KCZL the mass of earth whose 
pressure is sustained by that 
pordou of the surface of the wall. 

Let L BZL = i, BZ = z, 
BC = Ci p ^ weight of a cubic ^^ 
foot of earth. 

Also, since DK is the natural slope of the earth, if 
represent the limiting angle of resistance, then the inclina- 
tion of DK to the horizon is represented by 0. 

Now, if W represent the weight of the mass CZLK, 

then, since P in the direction PS, JV in the direction iaS^ 

jft^^^he resistance r in the direction rS^ are pressures in 

■1^1 




, (where rS is inclined to the perpendicular St^ 
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at an angle equal to the limiting angle of resistance,) then, 
by Art. 3, Cor. 1, 

P : W :; sin.tjsr : sin. P«r; 

fosr = wst — tgr = 90 — i — 0; 

Psr = Pst -{- tsr = 1 + i>; 

siu. Fsr sm. (« + 0) \ r y 

Also, ^ = p {CZLK) = ^ { jBZi - jB CJf } 
= i> { i (jBZ .BL--BC. BK) } 
= i i> { ^* tan, i—c^ cot. ^ } ; 
. p — 1 ^ 1 2;' tan, g — c^ cot. I , . 

^ tan. » + ^ 

Now, since P is a ma;Kimum function of (e), if therefore 

«* tan. i — c' cot. 

« = === -y 

tan. » + 

then -^-T = 0, and ^75-r is negative. 

Differentiating we have 



du _ g'sec.'i tan, e 4- — (^?' tan, i—c^ cot. 0) sec.^i + 

c^» "" tan. ^' + ' 

{ and multipljing both numerator and denominator by 

cos.'f cos.'i + } 



du ^ 2;^sin.i + 0.cos.i + 0— 2;*sin.icos.e + c^cot.0.cos.'« _^ 
di sin.^i + cos.^i 

.•.«*{ i sin.2i + — sin.'* cos.i } + c'cot.0 cos.'i = 
^ g'{|sin.2(,+»)-siD.,cos.,} ^.^ot . =0; 

COS.^ I ^ 

, sin. 2 (i + 0) — sin. i cos. i , c^ ^ ^ n 
or J ^ ^-^— + -,cot.0 = O; 



COS. £ Z 

F F 




aiT. •. -- £^iaa- » -zsii.^, — :2mi.^ ^ I — ^mJ^m -r ^cobbc*^ 



>; 



:aT. ^ -- isa. 



'^ ^ec.:' • ^ ::; 



r. mr. . 






, '— '^Hi*. - ^ 'am ^ 
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= sec.' ^ — tan. ^ "y sec.* ^ H — ^ cosec* f ; 
Also^ tan. c + tan. ^ = ^/ sec.* ^ + -« cosec* ^ ; 



1 



sec.'^ — tan.^ ^/ sec* ^ H — j cosec* ^ 



tan.(i + #) ^/ . . c 



|/ sec.* ^ -I — i cosec* ^ 



sec.'^ ( ^ ~ ^* ♦ ^^^ f y ^^'^ ♦ + 1 cosec.*^ j 
y sec. ^ + -J cosec. ^ 
And a* tan. « — c« cot. ^ 

= ;2;* t/ sec* ^ + -j cosec* ^ — 2?* tan. ^ — c* cot. ^ 

= 2;* y/ sec*^ -I — i cosec* ^ 

— 2;* sin. ^ COS. ^ I sec* ^ H — j cosec' ^ | 

= a* ^^ sec* ^ + — J cosec* ^ 

1 1 — sin. ^ cos. ^ y/ sec* ^ + -f cosec* ^ j ; 
P— 1 ( g* tan. £ — g* cot.^ \ 

= i p »* sec*^ I 1— sin.^ cos.^ y sec.*^ + — cosec* ^ j 
= i^ a* sec.*^| 1 — y/sin.*^ + -gCos.*^|; 
— = p { 2? sec. ^ — (2?* tan.* ^ + c*)* } 



{z tan.* ^ ) 




r 



c' sec. ^ 



(i'tau/^ * c*)* 




c^ z * sec- ^ > 

I J (c*— c^ (sec.'^ + tan.*^) — | sec- ^ cot-'^ > 

{r* tan.'* + O* - (c' tan.'^ + c*)*} ( 
-c*sec-#cou'9{r*tan.*^ + O*-(c'tan.»^ + 0*}) 

To find the pressure of water against a dyke, as in the 
accompanying figure. 

Let H = the height, / = 
length, and b = breadth of 
the djke, tc = weight of a 
cubic foot of water, JF = 
weight of a cubic foot of 
masonry, a = the angle 

BAn, and /3 = CDm; a i n y m i /> 

e^BC, the thickness of 
the dyke at the top, and jR = the pressure of the water. 
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H 

Area CD m = i mD . Cmy but mD = , s; 

tan. p 

and the weight = 5- ^ x I x JF. 

A tan* l!i 

In the same manner the weight oi ABn = 7: x IW: 

z tan. a 

and the weight at BCmn = H x e x I x W. 

Now, since is the centre of gravity of the triangle 
CDm, we have 

H 



wA = 4 mD, or Dk = i mD = § 



tan./3* 



/. the moment of CDm = | . 7, x 75 x / x W^. 

tan./3 2tan.j3 

The moment of BCnm — exHxlx W(^ + -^) ; 

^4> tan.p/ ' 

the moment of ABn 

- X W X Mo- + ^+ ; ja); 

,a NO tan. a tan. 13/ 



9, tan. a v 3 tan. a tan. /3 

,'• the whole moment of the prism is 

l2 tan. 






rr2 * IT IT 

■*"^teir^ (st^;^^^;"*'^"*" tiiirp)} • • • ^^-^ 

The pressure JB of the water acts perpendicularly on 
the face AB, and is = /x6x««;xii7. Resolve this 
force into two others ; one horizontal, which tends to over- 
turn the dyke, and the other vertical, which tends to 
prevent its overturning ; the horizontal force = R sin. a, 
and its moment with respect to the point 2) = R sin. a X 
\ H\ the vertical force = R cos. a, and its moment 
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!(c(icc> by the equa*i:}» ^fC aaomen;:^; we have 

, - ^' H 

It MU. a X \ // = ^^ . t: ^x X ^ - 



\ ta.-.x3> J -.ia* A Vo Ua. « tan 



r /tvMS.a(~ — -^ - . "^ -^ *) (2.) 

When the iiCcd ire ex^^iv Loclined o = /3 ; hence 

^ :aii. Q/ V tan. 

T -'» >;^*'. i . / -^ ; ) (3.) 

it* the ravcs -uc >c::,w\u, I'aea a = 90°, and thei 

. / — 1 ,. . = '\ :j.:\ a = x. Substitute 

. // = / . ^; . -^ , because wber 
//, 
. // // W.I.e'.H 



":^W.e'; 









A>. lUcii the general equatior 




I > I? *B 



— . . .:r .■«- .-t^' 



—5 — = ;i^ - ^.ar — - 







%■ \gL,.m 



= = 'F rr i^ -^ 






exptsammKu ir i( ?:ear is«: «!& ssrr mm 4u. umz tit tuta 

lai 2;T -^sesKt inxmiLaBE Isc^ ^iisauatiM. if iir sins: egib- 
IfbfrinL. sue Inft icsn^ ja^^iffi: «f t^ ff^iuKC ssaiiutDr xoftr 
be ^rr«i- 

"Ke icgKBimr xr «crU- ;s^:«uuc suci * waL ur njif max 
be «ffilTr Ssasnniuirc- for l^it^ioHsr J£a»eier jia5 sbriifCT^ ^j- 

wc ic^j £iic -lie preamre rf" ibe ear:u: inr Te^amo^ ii «; « 
fioic, lasrjja^ litt wta^xi t^m rabk 5(#cn eigim] to t^ mxe^i 
of a culsae ftyd of iw ^rlL. mxiit^ilied br tiie s^mre ^rf^ 
the tsa^eBt %£ htdS &e anple viiid tiw^ satanJ skfir 



Htwupijo^ «r Hi 
of fluid*, awl Ihc 
t^punit whidi tlw7 

TIm vdoeitj with 
orifiM in dM bottoM «r i 
•Untfy fiill, m cqad to 
aequin by Ulmg kam tl 
tothclerclaf theodflefc 

TWtfait if i-hc%ht«r 





Tk» qiuyuitQp of ««t«r duU nran im one »eoiid throogk 
a givea ori&M is equal to a coinMii ct water haTing the 

UL-a ...f tlitf oi*ince r'cr in base, and tlie Telocity with which 
liu- tluiJ i.iauea tor ita attitude. 

I luL i.>, it i = the area of the orince, and Q = the 
.^^.uiLiLv ui iluid ruuuing out in one second, 

Q = J V^. 

Q 



Oi\ a u iiuJ A be given, then // = 



^/2gh' 



And it U and A be given, A = -*^y- • 

Kxpciiiiicuia iU> nut exactly agree with this theory as to 
:'iio ^Uiiniitv oi water run out; for the vein ef water that 
,s>uos through the small orifice suffers a contraction, by 
\v..ich its section \vd^ been found to be diminished in the 

.. c of iKMilj *> tu 7. Therefore, instead oi Q^A V2gkf 

. .:>.. ;.vv v>l — i I V '>yh. But ^ is nearly ;= — ;^; 



YKAniCAI. 



1 . .^TT— 1 






we 3BXT take Q "= 
^ Jt 9c ^/£ X ^/ph=^ A^/ph. But v^aA is the velocitv 
-^aiiiiii £ IwsTj ijody acquires in fdiinp: through - ; etm- 

■ByuBiiU y, tke velocity of the mUsr at the orifice is fouml 
c^naltDthatwiiich A^fanyy body would acquire in &lKnf:: 
faoB^ limu^l^ iialf the altitude. 

IDb ^i jiri int ents of Eoaaut show that the actual Ax^- 
thrangli A iiole made in the aide or bottom of a 
, is tx> the theoretical as 1 to .62, or nearly as 8 to 5. 
C kiM i gu eptly, tiie theoretical diachai|rc must be diminijihod 
in lluB mtiD to Juiive the true discharn^. Also, if a pipe 
from I Id S indies long be inserted in the aperture, the 
eantnction nf tiie Tein is prevented, and the aotunl di^^- 
cSnsge is to the theoretical as 4 to 5. 

T3b qmntities di8duii;^ed are as the square root of th^ 
deplii multiplied into the areas of the oriiices. 

The following is from Mr. Banks^s Treatise on Mills ^^ 
When the water is dischai^ed throuffh perpendienlar 
secdons, the velocity at the bottom of the oriAce i« rathet 
greater than that at the top ; but if the depth and breadth 
of the orifice be but small compared with its depth below 
the sui&oe of the dam, we may take the depth of the centre 
of the bole for the mean depth, without any sensible erroK 
Newton concluded that the real velocity, was less than 
the theoretical or computed velocity, in the ratio of 1 to 
V^2; Abbe Boasut as 100 to 150; and Michelotti 9i% h 
to 8. Mr. Banks gives the experiments of thes« and oihet*s 
as follow: — 



Newton . 
Boasat 
BankB . 
Hichelotti 
Helshsm . 
Smeaton . 



.707~tUt is tVWt r*^ o^* th« 
.615 compnteil v^loHf.v. 

.75# 
.635 
.705 
.681 
6 )4.088 

.673 » MMfl. 

00 



2M 

computod vdodljy or dMor nfi»iiavS| to 8; viab at tho 
depth of a fi^ot thoaetaal ^clocifef Aom Am k 51, or 5L4 
fiMt» and in tho aanie [imnw i ti M hr way odwr depth ; for 
tho computod Tolodtjr ii r k I/SHA s 8 y/h nearij. 
ThM» .erf X ^^/h wm 5.4v^; ml if A » 1 foot, it 
hacomea SA From tfai% Kr.Badai ffmm the fbllowing 
nlle^— 

Find the depth of the veiKl in feet; then mnltiply the 
•quiit loot of that depth hjr 5.4^ and die piodact will gife 
the Telod^ in feet per eeeond. T1d% anltiplied b j the 
aree of the oriflee in feet» gitea die anmber of cubic feet 
which flowa out in one second. 

^•— If the orifice be made 9 feet bdow the tnr&ee of 
the water» the breadth of the orifiee S feet, and length 
4 inchest what quantity of water will flow out in one 
■ecoiidf 

\/9 w S, and S x 5.4 « 16.2 k the Telodfy per second. 

4 inches is i of a foot. 

3 feet X J = 1 foot, and 1 x 1&2 == 16.2 cubic feet, 
water which flows out in a second. 

To find the quantity of water discharged through notches 
or slits cut in the side of a vessel, the surface being with- 
out motion, and if the velocity below varies as the square 
root of the depth, then the area of the perpendicular 
section will be a parabola, and may be found by the 
following rule : 

Itul^. — Multiply the velocity at the bottom by the 
depth, and twv^thirds of the product will give the area; 
and the area, nuiltiplied by the breadth of the slit, gives 
the number of cubic feet discharged. 

Ej;. — If the depth of a notch or slit be 6 inches, and 
the breadth S inches, required the quantity which will be 
iliiicharged in *i() seconds. 

The depth in feet is .5, the square root of which is .707, 
.: X t X .707 = i{,8178, two-thirds of which is 2.5*52. 



By the rale, £.5i52 x ^^ UOtL, mmtL 
by the hreftdth, wfakfa i* ^ of t. ipo:« lei^tn M§ib k im:i ^' 
second; and .8484 x flO« lOMW/ cMHt m: 



The Sey. Mcngm Cowk. H. j^ l-'i jM:i|«fi. c: u«v 
College of Civil £ii|gineeii, Pnuie; , late & l**^- 'i^ m*'- 
Meckamic's Magaasime Sm 'EvBtm^ • iM< ^tkUi^^^ «. 
" Review of the ETidcDce piveL i^tuurt: lu-. ii*«uu|i(MbMA: 
Sanitary CommiananefB ot Uit: afifiueauu:. c' ^-j-^i^tui^ 
Science to the improvemcni of tee £>tp«M;i^^ «<fC jyf^iii^^ 
of Towns.'* In this paper iie imb him^ ^Mii*. mi»4 i 4c^4Jti;«- 
lent obaenratians — 

"I. Asiopmipmff. 

''2. As to the^dMsly witL whicix iiuiufr wi.. Cam:^^!!^^ 
themselves in pipes not hepi tmnsuttifav iu-., »iu OitLtcn', 
inclinations. 

^'3. As to the etqfoeiU/ uoiotmmry li/* xi^ccivu*^ iu^c 
carrying off muted stieaas. 

*' 4. As to the natmpe of the WiuatiHiCc o.^ iLc cu«au»e. , 
^hat influence it has on veloeii>. 

"1. Tkegaugmg. 

'' Complaints are made that the iotiuuiaj iiiVuitu^UKl u; 
mathematiciaiis and others do not give i^ccuc^tic ici>ulu. 
I should ask, in reply : — Ist, Uow tae iMiC*k/acy u Ct^^ted r 
2d, How was the experiment made lor Ludiii|.' tl»e dau 
required in the fbrmidae? Mr. Phillipb giv4;b cori:i;ctlv tuc 
roles adopted (not from theory though hy iiiatU^iJiatickub^ 
but from experiment) for determiniiig the UM^au velix;ity 
when the surface velocity is koown, except in tbe ca»e of 
M. Frony^s formulas for ilading the m^^au velocity {v) I'roiii 
the surface velocity' (F;, 

or in feet, 

^ F-^- 7.77 6 
''"^ r+ 10.8tf5' 
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I 



The watef brought from Scy to Metz, to supply to 
fouDtaia^t i* coEducted bj pipes of 3D00 meters in leogt*'* 
wad -08 meter in diameter ; the beigbt of the reserfoir *^ 
^ meters. 

Poiic6let*a formula is 

9 = 2a44 1/ ^'^ . 

wliere « = the velocity in meters, d = diameter in meter^^ 
and i = length in meters- This reduced to feet gii^ej 
since one meter is = 3-280899^ feet, 




o^Ai -i/^ X a^80S99:3 X A X 3,280899^ 



X 3,2S0899ki + 54 X 3,:^80899ia 



2a« X t/3.L^S08992 . K r^r 



54. rf 
» 47^ r i ^ 54 ^ = velocity in feet, 

Tbt c<Kfficienl 47.95, given by Mr* Cowie, is rather too 
imH it b not quite 47.9, but 47.9 brings out the velocity 
ife liivV coirtspondiiig to Poncelet's velocity iu meters 
«xlriN»elj near. ■ 

I'^kvug the above data, we have 

t » 3000 meters = ^2808992 x 3000 = 9842.6976 feet; 
k^^ meters = 3.2808992 x 20 = 65.617984 feet; 
U^ .OS meters = 3.2808992 x .08 = .262471936 feet; 



4^^ /i/ 65 . 617984 x .26247 .^ ^ ^.^ 

' - *^-9 y 9842 . 6976 + 54 X .26247 = ^^'^ ^ '^^^ 
= 2,00222 feet per second. 

Pottcelet finds v = .608 meters ; this reduced to feet is 

3.2808992 x .608 = 1.9947867136; 

xhe Above only differs from Poncelet's velocity by one seven- 
lWHi«*ndth of a foot. 

Xi^ At"^ of ^^® section of the pipe = .7854 x (.26247)« 
» AVHI square feet. 



= .K"&j2 -Tibic leer. ^Tott. ^i- .jtxrx — » ^^» 

= 935i*->^ :a3ic zees, iiics i -ssr: 

cabic aet^rs. Pincstss .ttps ,:S,r,JS •:=£ -jsarr. 

the above is ^icr* :err-e^ .i ■ '^ ^f^T.i.m ...=» -ft - 
to a greta: xiSLSK" ,t tj 

i, :re JTESL .r . sszc^n ■ ^ - ^^u 

i . _ .«_ 



^ Ilia -» zLe jcc^zr-:* ,r-r:i;.-», — .m - ..- - . » ,- 

Ue vr mrm .ri.** . : L^is.r • - ■ » .-^. 

'Tie .^':«' :rr.:ii^r.i .;** u'i;.''.at:<*n •" — 
. if 'Jie -AtlsTT irm #- - r.r >e^r^-'-*r. 

:i"i?- Iz '.-r..J -i it nr.-- ••At -..•■: -.^r.-w*! -• •• 

V^.'.lllTt i ^"-?t :UWIS *r.'J"Tr -km. .t -.**■ • 
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sUdI JCCCMJoni, movii^ wick dUE tse mt wrVmiiir%^ lie 

**I would calculate in die faUmrin^ waj: — Soppoae a 
sawar five milca long, witii a &I1 from one end to tike 
odicr of 200 feet, t.#. a fall of 40 £eet per mile, and 
suppote it to receive additaonii of water at ereij hatf^nile 
by sewen of giren dimenaona, the water coming down 
time «ewen will hare fallen thioogli 20, 40, 60, 80, &c 
lifMt ; and I thoold calculate tbe Telodtr with which eacla. 
&«ding sewer woold bring its tiibntaij waters into th^ 
main sewer, and calculate the continnal acceleration, ancft. 
M tind at last the relocitj at the ontlet. 

** It IB true that the mean Telodty is nnifonn, when th^- 
resiatance arisng from die fiictkn oi the channel is equaL 
to the accelerating fisrce which gires it motion. But if th^ 
acceleratiDg force is grBoter than the resistance arising- 
from friction, the mean Telocitj ia not uniform, but acce- 
leraUd, and we shall hare a constantly increaang mean 
velocity from the head of the sewer to the outlet. I appre- 
hend this is the case in practice. Not having Mr. Roe's 
gauging!*, I cdiiiiot tell whetlier or no he has found an 
iiiciua.^iiig mean velocity toward the outlet; but the facts 
v^uuid ciutliorizL* one to say that it must be so.* 

** fciV tclvvciii'i formula is inapplicable to this case: it 
•ciers only to an open canal, where the mean Telocity is 
•t.it/'orm rrv/n the canal head to the outlet. 

•* 1 would further suggest, that in estimating the quan- 
.:;% ji water to be drained over a given surface, no allow- 
wKv icj made for evaporation ; so that the quantity of 
%vi.-i: l^^^iug less than that which Mr. Phillips calculates 
v^^uM ^.r-iiu away, it is not surprising that he found smaller 
<lmii:y i-VJk:i those he calculated, carrying off the surface 
u'rti;(^i> ;•: X .arger district. The evaporation must be very 
« r4>^wkin*Kj<' lu summer ; but I cannot refer to any tables 

■^«». wiiho: hk>,u>i ivccived a not© from Mr. Cowie, stating that he 
.s v« VI 1. Jum.'*. pykginga of a case exactly in point, -which confirms 



course c: zl± jssz "«"— i- -'-j " -^ 
this mam-fT. 
"3. I" '= « ■»•-'— —- -^ - 

a tube be i-7- izz.ri:L::: 

itself 5C »= - 1-7 zr-'^r^- ^ ^ - : 

itreax- in rr: i:-n.i-: . ^ rr*. 

the seciim •»ri s -it ..■.-. . rj. 

fluid iiii:^! i.:- it^Li: .--.:. » . . 

«trnct::rr . £^1 -^"_:. r -: . . - 

water:: 'z/= -jzz^-rr'-. . .^t -r-^- . . . . 

outlet size -s^iL^ ^rr- -r . . . - 

conreiiri - - -. -*r. •- sl« . : - . _■ : . 

Aetr:V_-^-7 "rr.T: --' '-'—-- '-- 
^hecrsi:, rri-i-r-^.; , _:■. r:. .:. . 
fl^Tro;.-- -r-.-- ..,: i. ^. . . - . 

it&elft:.-- i,^.-uL.- .rv. r.r 

of :::X--*J.i :^d^r. : . •.-■-.;..--.>. T._.-r 

*'4. Z &::_ :■::::.-: u.'-...-*r. . : 

sicer&iiyrji. iiici: ::>-. ii::.^T. -. •: :.. ;_.._ 

chaniiel. ol ::ir •.-r.w''.' :; \* ^ -....., 

the tui>t ^ei: /.'«*'. tt :: \.rj »- . : . :.i; 

which reiliaiut SLs::i .»:;£:!; . ir ii-r.!: - j..- : 

fluid agrains: tii- s:d:;'ju«i^ L^i-.. y^,. i,,., ^.^^ u,^. ,. ^.^j|;' 
rimeDis OL tiiit suuiec:. waici tuov : trivai^: aiiifrt^iK-: 
than I iiad anticipaLfC 11 ia\uu! o: giaZfL. lubcs; aiu. \\ 
probab;v mav be the cast, lua: n, ■ mere ariboieb.' a> inc 
streams are in maiiv cases, the jriazed tubf.^ woukl hnvr an 

n II 
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stant accessions, moving with dili'ert •. 
Cowie observes — 

"I would calculate in the folio .wiFi: .\ 
sewer five miles long, with a Um m-ji 
other of 200 feet, i.e. a fall il •!(.* .r 
suppose it to receive additiar.- 
by sewers of given dimensiui. 
these sewers will have fallen *^' ■ 
feet; and I should calciiLio 
feeding sewer would hrin^^ 
main sewer, and calculate i 
so find at last the velocity l.. 

" It is true that the ir 
resistance arising from ■..:•. . . 
to the accelerating fore. . .. 
accelerating force is ;■ ., . 
from friction, the nic; . ... 
leraledj and we slia'' 
velocity from the ho;' 
hend this is the cabo i.> 



S. It IS 



Le^^ 



f* il'.e column of 



aken frcn: Br^-^s^ 



^ 



: [he pump in inches, ^ ^ 
iLiius avoirdupois of wa<^ ^ 
ipe: and one-ten :a of tF^^ 
ale gallons in a yard 



gaugings, I cauiioi i,i^ u 
increasing mean 
would autl^nri. ■.. 

*•' 1-;; ' 



111; 

III.-.- 



uci- will an engine haTe :^-^ lift^ 
jiiig 10 inches, and \Zit length 

weight of water in one yard's 

^ ..jLi^iL ()0 yards, we have 
..., !.;c\vt. 5qr. S lbs. 

^.ucr can be discharged 
. mJ :?T0 fee: perpendi- 



,iii ol' the pipe. 

. .iiaincd in the pipe. 



vs ale i^allons per minute. 



TSSOSETICAL AMD 



ON THE ARCH. 

ComjoXB was tbe first that consideFed the theory of the 
&feb, with respect both to the sliding of voussoirs upon 
each other, and also to the rotation round the upper or 
lower edges of the joints. 

The theoTj' laid down by moat English writers has only 
taken ioto aceonnt the sHdiag, Mr- Gwik^ one of oar 
most learned English architects of the present day, has 
€Oine forward in a very candid manner and acknowledged, 
that the theory of the arch, as taught by Emerson, Hutton, 
Attrood, and himself^ is quite unsatisfactory, and has taken 
th« theory as laid down bv Rondelet, in his valuable work, 
^jIH de Batir.** But Mr. Gwilt has aiisigned no sufficient 
reiiion why he has not availed himself of, nor even noticed, 
the i^searcbes of those excellent modern writers, Audoy, 
IVtit, Persy, Poncelet, G a ridel, Navier, Lam4, and Cla- 
peyron, who, pursuing the theory of the arch first given 
by Coulomb, have raised a superstructure of science upon 
which every one, who is at all interested in the application 
of mathematics to arts of construction, must look with the 
highest degree of admiration. 

The eminent engineers Lam^ and Clapeyron investigate 
the equilibrium of the arch by considering it as a system 
of four levoi*3», <?»ch lever being loaded with the weight of 
the respective \>l^H of the arch that corresponds with it: 
this method nmki^jt tho calculation very laborious and diflS- 
cult compared with the simple principle laid down by the 
illustrious Coulomb.* 



The author has, from the theory of Coulomb, deduced the same ex- 
prciiiiioa for the equilibrium, as is given by Gauthey on the principle of 
evers. {Sen Theoiy, Practice, and A rcJtiUcture of Bridges, yo\. I pae» 
42, 43.) .^ if * r-o 
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For strict equilibrium, 

The moment which tends to overturn the arch must be 
equal to the moment which tends to retain it. 

If M he the weight of the whole semi-arch^ including 
the pier ; A = the distance of the centre of gravity of the 
semi-arch and its pier, from the exterior edge F\ m ^= 
weight of the arch between the key and the point of 
rupture ; a = BL^ the horizontal distance between the 
point of rupture and the vertical passing through the 
centre of gravity of w ; A = aiV; H ^ aR =^ the whole 
height ; then M x A := moment of the semi-arch and its 
pier : this moment tends to move the semi-arch round t\ 
as a fulcrum from left to right. H x maximum value of 

-T- , is the moment that tends to turn the semi-arch and 
n 

its pier round F^ from right to left; hence, for strict 
equilibrium, if the maximum value of -7- = F\ we have 

r >^ H=^MxAy or y =^. 

When the values of w, a, and h are found corresponding 

to the maximum value of -j- » then the ratio - is the 

n a 

trigonometrical tangent of the angle which the tangent to the 
intrados makes with the horizon; which gives this beautiful 
property, viz. The point of rupture in an arch is that for 
which the tangent to the intrados at this point cuts the 
horizontal line passing through the summit of the key, at 
the same point as the vertical passing through the centre 
of gravity of the mass between the key and the point of 
rupture. This supposes that the joint of rupture is ver- 
tical, which is not strictly true, but the supposition favours 
the stability by making the horizontal thrust greater. 

From this we have a practical method of finding the 
point of rupture of an arch. 

Take any portion of the semi-arch, and draw a vertical 




Thtn iht area arf life tmi^iii^k' €)S"X = ^ (r + ky tan. a ; 

the distjince et d&? (rea*nr? <*£ pnfiTitij of this A from the 

TeftJKal liiK? O^S = ^ .^ + ^) tan. a ; 

the moment of thh A wtcBt r^sj^cit to the same vertical 
line is = I > -^ k', ^ tan/ a. 

Again, the area of the sectur OSJI = J r^a ; 
the distance of its centre of graTitj from OS 

= ci- (1 — COS. a) ; 
u a 

t^ ^v>ment of this sector with respect to OS' 
-i ^ (1 — COS. a). 
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^<^* dieutsa of the space NS'SM 

.-. distance of centre of gravity otNS'SM from OS\ 

^g ganept _ (r -h t)' ton.'g — 2 r' (1 — co».a ) 
^ret "" 6{J(r + ifc)*t«n.o- Jr'a} ' 

''^"^ the distance of tlie centre of gravity of S'SMN 
fiom £Cf 

^ r an. a — ^^ — q c / . i.m . ^^ j— ; — ■ • 

3 { (r + it) tan. a — r'o } 

^ find the moment of the part BCDMN we must 
find t-lje moment of the pier BCDH, and gubtrnct thr 
"^^"^^tit of the triangle MNH from it. 

/S' JV' = OiS" tan. o = (r + *) tan. a ; 

^N^S'N^S'H=^ (r + A)tan.a-r8in.a; 

*^^ of the triangle HNM = A {(r + A) Un. a — r sin. « } ; 

the distance of the centre of gravity from II M 

= \ HN = J { (r + A) tan. a — r sin. a } ; 

•*. « — ^ { (r -h A) tan. a — r sin. a } = distance of the* 
centre of gravity from B C ; 

.'. the moment of the triangle HNM 

= A{(r+A) tan.fl— rsin.a}.{«— i[(r+i) tan.a— rsin.a]}. 

The moment of the pier BCDH 
==BCxCI>x^CD^(H+2h)xexie^le\H+2/i); 

.'. the moment of the part BCDMN 
= i e"" {H + 2 h) - eh { {r + k) tan. a-r sin. a ] 

+ i h{{r + k) tan. a — r sin. a } *. 
I I 
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When the number of parts into which the semi-arch is 
divided is considerable^ each of the parts may be regarded 
^ a trapezoid ; hence^ the horizontal distance of the centre 
^i gravity of the »** trapezoid from B 

/• the moment of the nf^ trapezoid 

= { (3«-l) a, + (3«-2) a«_, } ^; 

.*. the moment of the arch B Fad 

— — — - /l* 

But the moment of the arch BVad 

= {^0 + an + 2{ai +^2 + ... + Cn-Olg X BL; 

.'. {«o + a« +2{ai + a2 + ... +a„-.i)}| x ^Z 

= {flra + (37i— l)a;+6(ai + 2a2+3a8+...+w— la„-i)}^; 

.-. BL 

_ g(go + (3n— l)g^ + 6(gi4-2g2 + 3a8 + >.> + n— Itfn-i)} 
3{ao + a« + 2(ai + fl2 + . .. + a„«i)} 

Cor. The area of 5Farf 

= {ao + a« + 2(ai + ^2+ ... + o«^i)}5- 
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i^»> TMKORETICAL AND 

\ :.u.7i);i().t -f ^; - i^M±^rr: 

r :Jk:i),/' -r x\M0.o56 - lrr:£L^7 

R 20.99 , ^^ u^^ 

... ..• .. opposite - = Yr~Ti = 1-28, we ^^ 

:..o iMtio of the horizontal thrust to the sq^^ 

. ..;.l:us of the iiiiraJos; 

.-. /'* = .lJi>91 X .16.4 - = 3d8233; 



:ic ..c;ii.i'. ii-'ii/ouial ihru»t w found bj xculuplving the value o* 

;. :'\ .!u- Mjuuiv oi' iho nuiiuj of intrad<>s, in feet, and by ^^ 
; :i vi.i'ic :ooL of the material ; thus, if the weight of a cubic f^ 
:mUi..i1 '•c 1 ii' Ibu., then 

■• .!:^>6U1 X (lt).4)« X 130 = 4757 lbs. 

... ...... icui I ho weight of the material would enter both side* 

^....■. , ... "u-u-ioiv ii is uuuece.>«sary to use it. 

..-. liv .':;,i*».u^ :al.' :oi liiuliug the horizontal thrust: — 

•!k- ...:... ■. -ic . \.:»d*.»* by the radius of the intrados, and seek 

N ...'i.iini oi' Table I. In the second column, in 

'— '.'syoiuling angle of rupture; in the 

,,>..■ ,•" •.V.c horizontal thrust to the square 

, - ;u.»rc of the radius of intrados, am 
.. . '.1:0 material: this product will givi 

V 'lidio/i. 

> ..V^^' of rupture found by the above rule 

. rupture so found, to meet a tangen 

. ' -'oiiit of intersection draw the vertica 

u .vii:re of gravity of the part a d B I 

. ^- iioar units as there are units of weigh 

oa'.al distance of the point so foun* 

^■a:al thrust. 

. ■■..\s i::ive the horizontal thrust greate 

. . '.v '. o a d i so re] lancy between the coe 

v^ orrv>r is on the safe side, being ii 



and 3&82S3 x 27.55 = 1014.4: ^ ^^ 
hanzanUii turns* 

/. 3.28 X' H- 134.79 a- ^ a^^.. _ 

This agrees extremelj Deari; wii- ^.^^ ^^ _ 
page 55, Theory of Bridges. .Se, y "^* -^^ *" ' ' 
Architecture of Bridges ^ bt. Humrt tug: Ja*m*m' 

Given the height of tut pie.- i^^ i«. , 
*vleet; thickness at tiit crcm: ; .^ -^ ^^-,^* 
the pier 3.5 feet: wij; Ur j«:, ' 4. ^..t^^JlT^ ./ 
extrados being horizontal ? 

To find the centre of gravn;. v .%; ^^^ .^r.... . 
ffo = 11.5: 

fl, = l.i^: 

ezj = 11.5 — V'j7~; :: ^ J .3 . f _ . 

fl2 = 11.5 ^ t/Jf r 4 = J .: ^. ^ o . 
(7s = 11.5— ^^J4 ^ C - I .: - _ ,;.^ 
fl,= 11.5- ^^1:.^V > . j .: . :.,,, _ . 

• distance of tue v^rrtica. tiuoug.: i^.. ^^j,^ . f, ^.^,.. 
the semi-arci iruu. ti*',- niiA^r- tti^.. o' u*. p^ 

^ { 11.5 -r - 14 X :-: - Or.:..: .. ... •..,, r,. 

"* ^ 11.5 -r 1.5 - ;i 5.J . .V.: -, v.: :/; 

11.5 -^ -^:?] - i5L ji^^^..: 



^1 



li> -r ^o.f^ .5r>.^ 



^- '-/.O 



'. the distance of tiie- verbca taiou^j ii*.. i^.k^Li^ u:' ^i^-vjii 
from the outer etijtj^: oi tut p^e- _ .>..: -. ,;.;; - o> 



^ The Btriet fonfiuiL.. jjug'.- i24:.. i.< 

"" r r -fir^- 0.0- iiwJJ O."* 



"0 - €.64 ~ 16/4^^ iroui Jy P, wiiicii i^ i««Mro t^' *****' *^ »i>u\« , 



'J^< VtibiOHBTlCAL AND 

i> . Os.*|,iu >i tac seini-arcli = C^^.t > ~-U\ = 47C4. br 
Cor. p. u.'4o 
v'ii:i n. .1 :iie semi-arch = 4T!«4 * L.t := ol987.i?; 
. uw pier = i?»j ;* i.5 a LT a 120 = 19110; 
:'i»iiK'nt of the seii.:-,iri:ii ami tiht = 5109T.2. 
'■' i\w lable, 

-, = .11386: 

/. /• = .11 95 X 10) X !£»> = 1427.4; 

inoinciit of tiie :hru>: = 1*;27.* .• ^': = oT112.4. 

The iiioiiicii: *.; :hr semi-arch and ::3 joer being greater 
tiiaii the inoiucLiu ^i" lae horizoaol z^lthsi. the arch wiU 

W iuc :-.i^>; jc :iie breadth of the pier so that it b^ 
i.poi. Liic j^oiiu oi overiuruing? 

Mouu.u lucr = 2t>xxx^xli»= 1560 w*; 

^;:o:.' ii.eiiuiit soaii-arch and pier = 31987.2 + 1560 a?' 
iuu»t =^ iiK>iucut of thrust = 37112.4; 
\M'A)j'' = 5125.2; 
r' = 3.285; 
./ = 1.81. 

V i;roater than 1.44 for semicircular 

. «. .*x. trades, and greater than 1.34 for 

^ . ^>ith horizontal extrados, this method 

^i V I v\ises, however, scarcely ever occur 

. ^v Liicrefore rely on the methods here 

^ ^a [uactical purposes. 

V' ^eo the theory fully investigated, 

' ^ stability, must consult the theory 

V' .wi by Professor Moseley, in his 

^- .,.'o; of Engineering and Architec- 

>i. 'locking on Bridges, 
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. V iiuii r:L:::i:r2 ;:' ~—= 5:fii 
aiii cylindrr* =j.. _i :■= 15 
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..inporature :.: i!r vtier 
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TaEOttEmCAL AS9B 



the squftre of die r^ius of the roUf and extract the sqiiare 
ixioc of the siuiL Add this square root to the radius of 
Ae rolL Call the result the denonoinator of the first 



Mttidpl/ the thtckne^ of the rope bj the square of the 
depth of the pit. Call the result the numerator of the 
ieeafkd fittetioQ^ 

Sqaaie the deooimnatof of the first traction before fouudj 
and multiplj that square bj 4 times 3.1416. Call the 
lesolt tbe denominator of the second fraction. 

Add the two fractious together. 

£jr, — Whereabouts in a coal-shaft will the corves meet, 
if the radius of the roU be 3^ feet^ the thickness of the 
rope t foot, and the depth of the pit 1030 feet* 

Bj the rule^ 

3i X 1030 = 3570; 



105!0 X I 



= 40.58441558'; 



3..V = 12.25; 
12.25 + 40.58441558' = 52.58441558'; 
V52.58441558' = 7.2686 ; 
3.5 + 7.2686 = 10.7686; 
3570 




hence 



10.7686 



is the first fraction. 



Again, 



1 
8^ 



1020^= 130050; 



10.7686* X 4 X 3.1416 = 115.96274596 x 12.5664 
= 1457.234251; 
130050 



hence 



is the second fraction. 



1457.234251 

3570 130050 

10.7686 "*■ 1457.234251 

= 420.76381 feet = 70.1273 fathoms. 



= 331.51941 + 89.2444 
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RULES FOR PARALLEL MOTION. 



When the outer end of the radius rod is fixed, we must 
>i8e the following rule : — 

Rule. — ^Add the distance between the vertical line and 
^^e axis of the radius rod to twice the radius of the beam. 

Divide the square of the radius of the beam by the 
*bove sum, and the quotient will be the length of the 
parallel bar. 

If the radius rod be shorter than the parallel bar, divide 
^e square of the radius of the beam by the difference in- 
stead of the sum. 

The distance between the vertical line and the axis of 
tbo radius rod, added to or subtracted from the parallel bar, 
^^oording as the radius rod is longer or shorter than the 
P^^allel bar, gives the length of the radius rod. 

Or add the radius of the beam to the distance between 
^Ixc vertical line and axis of the radius rod ; divide the 
^^xiare of this sum by twice the radius of the beam added 
^^^ the above-named distance for the length of the radius 

Given the radius of the beam 12 feet, the distance be- 
^V^een the vertical line and the axis of the radius rod = 4 
*5^et. 

By the rule 12 + 4 = 16, then 

16x16 256 ^,. ,. 

= TTTT = y. 1 4 = radms rod. 



2 X 12 + 4 28 

When the length of the beam and the length of the 
parallel bar are given. 

Subtract the length of the parallel bar from the length 
of the beam. 

Divide the square of this difference by the length of the 
parallel bar, and the quotient will give the length of the 
radius rod. 

jBx. — Suppose the length of the beam to be 10 feet, and 
the length of the parallel bar 4 feet, find the length of the 
radius rod. 
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Here 10 — 4=6= the difference mentioned in the rule, 

0* 3G 

X ^ ^ "^^ 9 feet, the length of the radius rod* 

A considerable saving of steam may be effected by work- 
ing it expansive I J, Empirical formulae have been given 
by Pambour, Polci and Tatej which are good approxiraa- 
tioDH ; butj for the sake of stmplicity, we shall here use 
Mariotte*s kw, whicli is sufficiently near for all practical 
purposes. 

By Mariolte*s law^ the pressures are inversely as the 
spaces. The following rule is a good approjtimation* 

/tw/f,— 'Divide that part of the stroke through which the 
f^x pension takes place, into any eren number of equal 
pnrtiv i^nd calculate the pressure per square inch upon the 
pUtOD at each division of the stroke i take the sum of the 
extreme pre^ures in pounds per square inch, four times 
th^ sum of the even preifsures, and twice the sum of the 
odd pressures ; multiply the sum of all these by one third 
of lh<j common distance between the positions of the piston, 
aiul the result will be the work done upon each square 
inch of the piston after expansion begins. The work done 
before the expansion begins is evidently equal to the pres- 
sure per square inch multiplied by the number of feet 
described before expansion. The whole work done during 
a single stroke is equal to the sum of the work done before 
«^nd aAer expansion. 

Ex, —The pressure of steam upon the piston is 40 lbs. 
per square inch, the resistance arising from imperfect con- 
dcns*\tiou S lbs, per square inch, the length of the stroke 

l5? fot^t, and the steam is cut off at one ^ of the stroke; 

find the number of units of work done upon each square 
inch of the piston, and the number of units of work gained 
by working exjvin&ively. Also find the load per square inch, 
and the position of the piston when the velocity is greatest. 
F'^^Ia^ i.Le iei;ui"iu'..i^ ^Kitt of the stroke, viz. 10 feet, 
10 equjJ parl&, 




PRACTICAL MECHANICS. 263 

3 : 2 :: 40 : Pi 

p ^ 2x40 ^ 26.666. 
3 
In the same way we have, 

2x40_ _2x40 

"4 ~ •^* ^* ~ 8 



Pj = 'iJ^ = 20. P. = '^^^^ = 10. 



P, = ?^3^ = 16. P, = ^^^ = 8.888. 

P, = ?-^ - 13.333. P, = ?^i^ = 8. 



Ps = =-^;^ = 1 1.4«8. Pg = ^T^ = 7.273. 
Pio= ^-^ = 6.666. 



^^ = 11.4«8. F. = ^^^ 

2 X 40 
12 

40 + 6.666 = 46.666 = sum of extreme pressures, 

26.666 

16.000 

11.4«8 

8.888 

7.273 

70 . 255 s= sum of even pressures. 
4 



- 281 . 020 = four times the sum of even pressures. 

20.000 
13 . 333 
10.000 
8.000 
51 . 333 = sum of the odd pressures. 
2 



102 . 666 = twice the sum of odd pressures. 
281 . 020 
46.666 
3) 430 . 352 
143 . 451 = work done by expansion. 
80 = work done before expansion. 

. 451 = whole work done upon each square inch. 
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^^U8 by the cabe of the number of xevolutioiis per 
^JMimte, 

Divide the former product by the latter, and the quotient 
^^ be the weight in tons. 

To find the Mean Radius of the Wheel. 
SMle 2. — ^Multiply the number of horse-power by n,* 
^inde the product by the area of the section of the rim, 
^d extract the cube root of the quotient. 
XMvide 1^17 by the number of revolutions per minute, 
^d multiply the quotient by the cube root before ob- 

'Xhe product will be the mean radius required. 

To find the Area of the Section of the Rim. 

Mule 3. — ^Multiply 1802.9 by the number of horse-power, 
^^^^d that product by («). Multiply the cube of the mean 
^■tfus by the cube of the number of revolutions per 
'^^inute. 

Divide the former product by the latter, and the quotient 
^^ill be the area of the section. 



* Morin^ at page 191 of the Aide Memoire de M6caniqae Pratique, 
^ys that " («) shoald be taken = 20 or 25 for cBgines which are not re- 
quired to work with very great velocity^ such as floor-mills, saw-mills, &c. 
^or engines working spinning or weaving machines, (n) should be taken 
^5 or 40. Where the spinning is to be done with very great regularity, 
<«) should be 50 or 60." 



M M 




3. -u ziav je '^msneti :t a Lr^rce^ .u^xnsr im :ixe (SrectXQiL 
i-. It may :5e cwiatetL or 'vrencneti by x 33rce ^M?rr¥ig> in a 



Jil THE :OHEaiVE ^THETfGTH. )F 

The torce of :oiiesioa may be denned to be that fixce 
by wQicn tke dbrea or particles ot a body rcsEist sepa- 
radoiiy and ia tkereibre proportional ro the mnnfa^ of fibres 
in the body, or to the area of its section. 



• Bariow on the -Hrength. oLod -Hreaa of Timber, and Tredgold <n tbe 
rHrength. of Caat Iron. 
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Mr. EdDeraon gives the load that may be safely borne 
^y a sqaaie-inch rod of each of the following : — 

Poundfl Ayoirdiipois. 
Iron rod, an inch square will bear • . . 76,400 

. Brass 85,600 

I Hempen rope 19,600 

f Irorj 15,700 

Oak, Box, Yew, Plum-tree 7,850 

Elm, Ash, Beech 6,070 

Walnut, Plum 5,360 

Red Kr, Holly, Elder, Plane, Crab . . 5,000 

Cherry, Hazel 4,760 

Alder, Asp, Birch, Willow 4,290 

Lead 430 

.Freestone 914 

He also gives the following practical rule, viz. That a 
^2^1inder, the diameter of which is d inches, loaded to one- 
^^urth of its absolute strength, will carry as follows : — 

cwt. 

Iron 135 X d« 

Good Rope 22 x d' 

Oak 14 X (i> 

Fir 9 X d» 

Also he says that a cylindric rod of good clean fir, of 
^n inch circumference, drawn in length, will bear at its 
extremity 400 lbs. ; and a spear of fir, 2 inches diameter, 
^irill bear about 7 tons, but not more. 

A rod of good iron, of an inch circumference, will bear 
near 3 tons weight. 

A good hempen rope, of an inch circumference, will 
bear 1000 lbs. being at its extremity. 

The following iuteresting experiment was made at the 
Patent Iron Cable Manufactory of Capt. S. Brown (see 
Barlow's Essay, 2d edition, p. 257) : — 

A bolt of Welsh irop, 12 feet 6 inches long, and 2 inches 
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Then ^^%^^^^ ^ 886 lbs. 

Or, if the dimensions of a beam be required^ so as to 
support a given weight at its end, then — 

Multiply the weight in pounds by the length in inches ; 
and this product, divided by the tabular value, will give 
the product of the breadth and square of the depth. 

Ex, 1. — Required the dimensions of a beam of larch, 10 
feet long, so as to be capable of supporting a weight of 
1,000 lbs. at one end, the other end being fixed in a wall. 

The tabular value for larch is 1,1 27« 

Therefore TT^ — = 106.5 nearly, = the breadth 

and square of the depth. 

lOfi ^ 
Let the breadth be 2 inches, then — ^ ss 63.25, the 

square of the depth ; and t/53.25 = 7.«S inches the depth. 

Ex. 2. — A square balk of ash projects 4 feet 6 inches 
from a solid wall in which it is fixed ; what must be the 
side of its square, so that the balk may be able to support 
1,013 lbs.? 

The tabular value for ash is 2,026. 

64 X 1013 54702 _ . , . 4: x.- ^ - o 

— 2026 — ^ 2026 "^ ' ^ ^ ^^ 

inches, the side of the square required. 

Case 2. 

To compute the ultimate transverse strength of any rect^ 
angular beam, when sujjported at both ends, and loaded 
in the centre. 

Rule. — Multiply the value given in the table of data by 
four times the breadth and square of the depth in inches, 
and divide that product by the length, also in inches, for 
the weight. 

Ex, 1. — What weight will be necessary to break a beam 
of Canadian oak, the length being 10 feet, the breadth 6 
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Also, a cylinder of two inches in dinp-'^-'"^ '^ '-"^ 
times as much as a cylinder one i\ 

The following table of data is = '-*- ^ ' '-'• 

Barlow's Essay : — :,, „^ . 



Teak . . . 
English Oak 
Canadian do. 
Dantzic do. 
Adriatic do. 
Ash . . . 
Beech . . 
Elm . . . 
Pitch Pine . 
Red Pine . 
New England 
Riga Fir 
Mar Forest Fir 
Larch . . 
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^^^^V ^ fctit botwcoii 
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The tabular value for I .^ 
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xf (It both enS^ 
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by 1700, which is the 
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lUo, when a beam ia 
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jEx. 2. — What must be the diameter of a cast iron shaft 
to resist a pressure of 2000 lbs. at 2 feet from the end^ the 
whole length of the shaft being 7 feet ? 

Since the load is applied at 2 feet from one end of the 

shaft, it must be 5 feet from the other. 

2 X 5 X 4 X 2000 ^ « i t -..,.,. 
^^ y = 22.8, the cube root of which is 

2^ inches, the diameter required. 

ON GUDGEONS. 

In gudgeons, one-fifth of the diameter is usually allowed 
^ft>r wear ; and, on this principle, Mr. Tredgold gives the 
-following rule : — 

Multiply the stress in pounds by the length in inches ; 
^^'■nd the cube root of the product, divided by 9, Is the 
•i^aroeter of the gudgeon in inches. 

Ex. — If the stress on a gudgeon be 10 tons, and its 
* ^^ngth 7 inches, what is the diameter ? 
10 tons = 22400 lbs. 
7 X 22400 = 156800, the cube root of which is 54 

54 

^^^early ; and — = 6 inches, the diameter required. 

ON THE FOR3fS OF BEAlfS. 

In the constniGtion of beams, it is necessary that their 

^S«nn ihoald be such that they will be equally strong 

^liiougfaout ; or, in other words, that they will offer an equal 

^wiitanre to fracture in all their parts, and will therefore 

^ equally liable to break at one part of their length as at 

another. 

If a beam be fixed at one end and loaded at the other, 
and the breadth uniform throughout its length, then, 
that the beam may be equally strong throughout^ its form 
most be that ct a parabola. 
Tbb fijrm is generally used in the beams of steam- 
andy in double-actiog ^team-engines, the beam is 
[ aometimes from one side, and sometimes from the 
odber ; A cieJu i e both the sides should be oi the same form* 





The crank, as used in the steam-engine, should be of 
the same furm* 

Dr. Yuu ng nnd Mr, Tredgold 
have considered that it will 
answer betlerj in practice, to have ^ 
some straight- lined figure to in- 
clude the parabolic form ; and the 

form which they propose is to cT L i a p « 
draw a tangent to the paint ^ of the parabola A OB, 
But as few practical men understand how to draw a tangent 
10 a parabola, or even a parabola itself, we will here show 
how they may do both. 

We will, in the first place, show how to draw a parabola. 

Let C B represent the length of the beam, and A B the 
seun-ordtnate, or half the base; then, by the property of 
the parabola, the squares of all ord mates to the same dia- 
meter are to one another as their respective abscissas. 

Now, if we take CB =^ ^ feet, and Ji B ^= \ foot, we 
may proceed to apply this property to determine the length 
of the semi-ordiiiates corresponding to every foot in the 
length of the beam, as follow : — 

CB : CF :: A E" : E F" -, 

that is, 48 : 36 :: \2' : 108 = ^i^^? ; 
the square root of which is 10.4 nearly = E F. 

And CB: CG :: AB": GH^\ 

48 : 24 :: 12» : 72 = G W -, 
the square root of which is 8.5 nearly =^ G H, 
CB: CI:: A B': IK'; 
48 : 12 :: 12^ : 36 = IK'; 
the square root of which is 6 inches =1 K, 

Now, if we take G L = 6 inches, 
then CB: CL:: AB': L3P; 

48 : 6 :: 12^ : 18 = L M' ; 

the square root of which is 4.24, which is very near 4J 
inches = L M. 



1 
I 
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Now, if any flexible rod be bent so as just to touch the 
tops A^ Ei Hy Jf, 3/, of the ordinates, and the vertex C, 
then the form of this rod is a parabola. 

To draw a tangent to any point -4 of a parabola : — 

From the vertex C of the parabola draw CD perpendi- 
cular to CBy and make it equal to \ A B \ then join A, Z), 
and the right line AD will be a tangent to the parabola 
at the point A ; that is, it touches the parabola at that 
point. 

In the same manner^ we may draw a tangent to the para- 
bola at any other point, by erecting a perpendicular at the 
vertex equal to half the semi-ordinate at that point. 

When a beam is regularly diminished towards the 
points that are least strained, so that all the sections are 
similar figures, whether it be supported at each end and 
loaded in the middle, or supported in the middle and loaded 
at each end, the outline should be a cubic parabola.* 

When a beam is supported at both ends, and is of 
the same breadth throughout, then, if the load be uni- 
formly distributed throughout the length of the beam, the 
line bounding the compressed side should be a semi- 
ellipse. 

The same form should be made use of for the rails 
of a waggon-way, where they have to resist the press ur(j 
of a load rolling over them.f 

BEAMS OF PUMPING ENGINES. 

By page 277, if a beam be fixed at one end and th(! load 
applied at the other, or, which is the same thing, if ii ijcam 
be supported on a centre of motion, then the li^iin* of 
equal strength is a parabola, the breadth of tho \n\ii\n bcring 
the same throughout. 



* Gregory's Mechanics, Vol. I. Art. 1^1 ; or Tn;(lK<»M "»» ^'''*^ ^''^^^ 
page 48. 
t Tredgold, page 49. 
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Ex. — If the force acting upon a crank be 6000 lbs. and 
its length be 3 feet, what are its breadth and depth, so that 
the deflection may not exceed one-tenth of an inch. 

-^^^ T = 610 nearly, = breadth multiplied by the 

cube of the depth. 

If the breadth be made 3 inches^ the depth should be 
nearly 6 inches, for the cube of 6 x 3 = 648. 

If the depth at the end where the force acts be half the 

depth at the axis, divide by 16^ instead of 2662. 

6000 X 3' 

-yr^gQ 1 *= 1000 = breadth multiplied by the cube of 

the depth. 

1000 
If we make the breadth 4 inches, then ■ . = 250, the 

cube root of which is 6.3 inches, the depth required. 



WHEELS. 

Multiply the weight or power, in pounds, acting at the 
end of the arm, by the cube of its length in feet ; and this 
product, divided by 2662 times the number of arms multi- 
plied by the deflection, will give the product of the breadth 
and cube of the depth. 

When the depth at the rim is half that at the axis, 
divide by 1628 instead of 2662. 

Ex. — If the force which acts at the circumference of a 
spur wheel be 1600 lbs. the radius of the wheel 6 feet, and 
the number of arms 8, and let the deflection not exceed yV 
of an inch ; required the breadth and depth. 

—--- =r 162i = breadth and cube of the depth. 

2b62 X 8 X .1 ^ 

162.25 
If the breadth be made 2.5 inches, then ^* = 64.9, 

the cube root of which is 4.018, the depth. 

Note. — These rules are formed from the formulae given 
in Tredgold's Essay on Cast Iron. 
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IT me TTTH'^Tr TTtnrTwiiir oi :3t; £::?> 
tinctjcB aegpqgn. fcrfrii'Ti' but ^3?urn» 

limit of •ttr^trmK. 3 -ftpTTT^ HTlI ai& ItTTC: Cif KTSI^^l i» 

fiactiire. 

to bear a kad ^ srr pcEx^ ^ tsie jeo^rib^ js aie hraacui 
and cobe of zbt itspcL* B>:=: txiea- AUaxl or xruHvene 

Thosy if a rvaTw be nr^ lee^i sq^zrv* :k vuL sbscjob six- 
teen times as m^arn ts£z.i, v:i^*-i beskiisr, as a b«aa 
one foot sqoaxe. 

Bat a beam two £eet square will ohIt be e^t times 
stronger than a beam one foot square, the beams bein^ of 
the same length. 

Beams of diffinent lengths have their stiffiiess v^ 
bear a load at anj point of their lei^ths) diiectly as the 
breadth and the cobe of the depth, and inversely as the 
cabe of the length ; and hare their strength directly as dio 
breadth and the square of the depth, and inversely as the 
length.*!- 

It may be necessary to remark here, that the rulo^ ft^r 
the strength, &c. of timber, are taken firom Barlow^s Kssav* 
and those on cast iron from Tredgold*s Essay. 



* Dr. Young's Natural Philosophy, toI. i. |k I3t^. 
t Ibid. ToL it. ArtB. 333, 335. 
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UitJ aiun of these gives the transverse streng^th of the beam 

^ a ^ 3 

= -^ (^ + ^ — y)f since Pj = Q{a — tf) 
_ Pb^a 

Now, fca 13 the area of the section j hence P6o is the 
direct force of the beam. 

The transverse atrength of a beam is found by multi- 
|ilyiug the direct strength by the depth of the neutral line, 
and dividitig hy S, 

Professor Hod^^kinson tried a great many experiments 
to find the strangest form of section for a cast-iron beam^ 
and tiie result shows that the lower Dancli must ha^e 
about six times the material of the tipper^ as in the %ure. 
Pa? columns of the strongest 
form, he finds that the strength ^^ 

of a column of cast-iron, con- 
taining a given weight of ma- 
terial, whetlier it be hollow or f 
solid, is much greater when it is 

cast in the form of a double cone — the greatest thickness 
being in the middle, and tapering towards both ends. 

If a column be rounded at both ends, it will only 
support one-third of the weight of a similar column whose 
extremities are both flat ; and when one end is rounded, 
and the other flat, it requires a breaking-weight of two- 
thirds. The strengths of these three columns are therefore 
as the numbers 1, 2, 3 — a remarkable result of great prac- 
tical importance; for, by an injudicious form of the 
columns at the ends, two-thirds of the metal may be 
thrown away. 

The same eminent writer and experimentalist, speaking 
of those theories which suppose that bodies, when not 
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overstrained^ are perfectly elastic, and resist extension 
and compression with equal energy, observes: "But 
theories deduced from these suppositions, however elegant 
and nearly correct for small displacements of the fibres or 
particles^ give the breaking strength of cast iron in some 
cases not half what it has been shown to bear by experi- 
ment A square bar, instead of having its neutral line in 
the centre — one-half being extended, and the other com- 
pressed^ according to the supposition above — ^requires to 
be considered as totally incompressible; the neutral line 
being close to the side, or even beyond it. This defect in 
the received theories has been shown to arise from the 
neglect by some writers of an element which appears to be 
always conjoined with elasticity, diminishing its power: 
this element — ductility — ^producing defective elasticity." 

In a rectangular or circular body, considered as perfectly 
elastic, the neutral line would be in the middle ; but, as 
cast iron resists compression with much more energy than 
extension^ the neutral line of that material, in a bent body, 
will be nearer to the compressed side — and to such a 
degree, that the exploded hypothesis of Galileo, where 
the neutral line was considered to b^ at the edge, would 
give results more in accordance with experiment, than the 
rules laid down by authors on the supposition of perfect 
elasticity. 

Mr. Hodgkinson gives the following rule for calculating 
the weight necessary to break a beam of strongest form : — 

Multiply the area of the section of the lower flanch, 
in inches, by the depth of the beam, and divide the pro- 
duct by the distance between the two points of support. 
This quotient, multiplied by 536 when the beams are cast 
erect, and by 514 when they are cast horizontally, will 
give the breaking weight in cwts. 
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contact: this product will give the friction P .f. Multiply 
this friction by the space passed over in one revolution, or 
by the circumference Sirr = 6.28 r of the axis: the 
product 6.28 P./. r is the work expended in each revo- 
lution. 

This product, multiplied by the number of revolutions 
per second, will give the work expended on friction per 
second ; L e. 

6.28 . P./. r . » =s work of friction per second. 

Given the radius axis = 6 inches ; the weight of the 
shaft, and other parts pressing on it = 1000 lbs.; the 
shaft makes 10 revolutions. 

f^ the co-efficient of friction in the tables, is .07 ; 

Pf = .07 X 1000 = 10 lbs. ; 

the space passed over by the circumference of the axis is 

hence the quantity of work expended on friction is 
10 lbs. X .523 = 5.23. 



Friction of a Pivot, 

Rule. — Multiply the pressure P by the ratio y of the 
friction to the pressure : this product will give the friction. 

Multiply this product by two-thirds of the exterior 
circumference of the base of the pivot, or by 4.19 r. 

The product, 4.19/Pr, will be the work expended in 
each revolution by the friction of the pivot. 

To have the work expended per second, multiply the 
above product by the number of revolutions per second. 
li"- 4.19 nfPr is the work expended on friction, n being 
the number of revolutions per second. 
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of Bx in cubic feet = 2aXy and its weight 

.*. CI ^ 2fiax -i- P COS. a ; 

• Q^ _ P sin, g 

•• Cm "" g/iao: + Pcos.a' 
^MH Qy — wy =i y -^ a^ and Cw = ^i» — Ac 
f 6 Ks the distance A G from the summit of pier, 
Srhich distance the direction of P intersects the axis ; 

Li.^. , y — g _ Psing 

** a? — b 2 fia a: + P. COS. a* 

— P (^ — ft ) sin. g 
.% y - a - 2^^^^.p,cos.g ' 

— 4- P («y — ft) sin, a 
PMii or y — a + 2fiax + P. cos. a ' 

iefa it the equation to the line of resistance in a pier. 
[f the resultant R intersect the plane of the section x y, 
apoint without the surface of the pier, it is evident that 
» pier will upset^ for the portion B x will be pressed on 
I subjacent part of the pier by a single force -H, whose 
action is without the base, and which therefore cannot 
held in equilibrium by the resistance of the base, since 
it resistance cannot be exerted in a direction opposed to 
the pier will therefore be overthrown whenever the 
3 of resistance intersects the surface ; and it will be 
rthrovTn at that point where this line first intersects the 
face. Now the line of resistance intersects the posterior 
face when y = 2 a. We can determine the depth x at 
ich this intersection takes place ; therefore, by making 
= 2 a, or y — 2 a = 0, the distance x thus determined 
:he greatest height to which the pier can be built with- 
b upsetting. 
Suppose A to represent this height ; 

o — ^(* — ft) sin. g 

2 JUL ah + P. cos. g 
Zfia^h + P. acos. g = P. A sin. a — P. 6 sing; 




p 



^ or the force P be applied horizontally, thf 



COS. a ^ 0, and sin, a ^ \ \ 



V 



y = a + 



Pw ^ P 



4 



from which it follows that the line of resistance in thi^ 
particular case resolves itself into a vertical straight line, 
situated at a horizontal distance beyond the axis of th^ 

P 

pier, which is represented by ^ . 

Let us now suppose that instead of the line of resistance 
intersecting the extrados of the pier at the height A, so 
that that height may represent the greatest height to 
which the pier may be built; it may intersect it (the pier) 
at a distance of c feet within the mass of the pier. Let 
the height of the pier under these circumttances = H. 

Then when x=Hyy = 2a — c\ 

, ^. . ^ P If sin, a 

/. substitutmg 2,a — c — a = pr— — =5 , 

^ 2^aH + Pcos.a 

or, 2 fiaH{a ^ c) + P cos. a{a — c) =^ P. H . sin. a ; 

c — a 



// = Pcos. 



2 /ma {a — c) — P , sin. a ' 



/\ 
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Friction of Cylinders. 

The proportion which the friction of a large cylinder 
tears to the friction of any number, the sum of the areas 
^f which is equal to the area of the large cylinder, may be 
®^own as follows : — 

Let d = the diameter of one of the small cylinders ; 
n = the number of them. 

Then d*n g = area of large cylinder; 

•*• d y/n = diameter of large cylinder. 

"^Kut the friction is proportional to the circumference of the 
^<5jlinder ; therefore the friction of the small cylinders may 
^36 represented by irduy and the friction of the large 
^^ylinder by v d^n. Hence 

the friction of the large cylinder : the friction of all the 
small cylinders :: ird^/n : irdn; 

: : ^n in; 

which, in the case of 4 small cylinders, becomes I : ^; 
that is, the friction of 4 cylinders is double the friction of 
one cylinder, the area of which is equal to the sum of the 
areas of all the four. 



Formula for the Centre of Gravity of a Body symmetrical 
with respect to the axis of x. 

Let w be the distance of any particle d a from the axis 
of y; then xda = its moment with respect to that axis, 
audfxda = the sum of the moments of all the particles. 
Let X be the distance of the centre of gravity from the 
same axis ; then — 

* IT stands for the circular measure 3.14159. 
Q Q 
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MISCELLANEOUS EXAMPLES. 

* A HEAVY beam rests upon a peg, with one end against 
^ooth vertical wall. Find the position of equilibrium. 

^* A heavy beam lies partly in a smooth hemispherical 
^Is and partly over one edge. Find the position of 
^ilibrium. 

^- The height of an embankment sustaining water = 
^eet; breadth = L5 feet; weight of a cubic foot of the 
terial = 130 lbs. ; it is supported by a stay 5 feet long, 
lower end being placed 3 feet from the bottom. Find 
thrust on the stay, when the embankment is upon the 
nt of overturning. — 6768. 

EJere the moment of the thrust added to the moment 
the embankment will be equal to the moment of the 
Assure of the water. 

4. Find the vis viva of a circular disc thrown from the 
.nd with a velocity v, and angular velocity a. 

a 

5. A sphere is sustained upon an inclined plane by the 
essure of a beam about the lowest point of the inclined , 
ane. Given the position of the beam, required that of 
e plane. 

6. A uniform beam rests with its extremities against a 
>rizontal and smooth vertical wall. Find the pressures 

the extremities. 

7. There is a river wall 5 feet thick, and 20 feet high ; 
e water stands at 8 feet from the top. Required the 
odulus and pressure upon each foot of length, the wall 
;ing granite. — Modulus L15 feet; press. 7031.25. 
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ascend an incline of 1 in lOO, taking friction at 8 lbs. per 
ton ? — Ans, .74 miles. 

17. Two beams, connected together at a given angle, 
turn about a horizontal axis at their point of meeting ; 
find the position of equilibrium which they will take by 
the action of their own weight. 

18. Two balls, each weighing 50 lbs., are placed at 
the extremities of a horizontal arm, which gives motion 
to a screw driving a punch, as in the common stamping 
machine. The velocity given to the balls is 10 feet per 
second ; it is required to find the mean resistance opposed 
to the punch, when it is just driven through an iron plate 
i in. in diameter. — Ans. 14,922 lbs. 

19. A revetement wall 40 feet high and 10 feet thick 
sustains the pressure of earth of mean quality, having the 
weight of a cubic foot equal to 100 lbs. ; it is required to 
determine whether or not the wall will stand, taking the 
weight of a cubic foot to be 120 lbs. — Ans. The wall will 
stand. 

20. Required the thickness of the wall so that it may be 
upon the point of overturning. — Ans, 8.7 feet. 

21. The moment of inertia of a solid cylinder about its 
axis of symmetry is 

22. The moment of inertia of a cone about its axis 
of symmetry is 

/ = jQ ttJ a*. 

23. The moment of inertia of a cone about an axis 
passing through its centre of gravity, and perpendicular to 
its axis, is 

24. The moment of inertia of a cylinder about an axis 
passing through its centre of gravity, and perpendicular to 
its axis of symmetry, is 
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efficient of friction ,14. How many times will it revolve 
before it stops? — 1.04 turns. 

32. There is a cone, the weight of each cubic foot of 
which is 164 lbs. ; the radius of the base is 3 feet; the 
vertical height = 4 feet. How many units of work roust 
be expended in overturning this cone ? Also, how many 
units of work must be expended in overturning a cylinder 
of the same height and of the same quantity of material ? 
— 13366.9 for cone; 3992.1 for cylinder. 

33. Two uniform beams being connected together at the 
top, and having the lower ends connected by a tie beam : 
find the pressures in the directions of the beams, and the 
tension on the tie beam. 

34. In the pulley with friction, given the radius of the 
pulley = a; the radius of the axis = r; the limiting 
angle of resistance = ; two weights Pi and P2 acting on 
the pulley ; Pi being the preponderating weight ; then the 
3pace described in the time t is 

a- Mff. (p, + p^) (a _ ^ gin. 0) • « • 

35. For the centre of gravity of the surface generated 
by the revolution of a semicycloid about its axis, 

^- 3 -IT- #• 

36. Find the centre of gravity of a solid formed by the 
revolution of a semicycloid about its axis. 
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I THICKNESS IN PARTS OP AN INCH. 
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Table of the Sectional Area of Square 
Bar Iron. 
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4300.85 


531/2 


2248.01 


6OI/2 


2874.56 


671/2 


3578.47 


741/2 


4359.16 


54 


2290.22 


61 


2922.47 


68 


3631.68 


75 


4417.87 


5*1/2 


2332.83 


6JV2 


2970.38 


68I/2 


3685.29 


751/2 


4476.97 


55 


2375.83 


62 


3019.07 


69 


3739.29 


76 


4536.47 


561/2 


2419.22 


621/2 


3067.96 


691/2 


3793.67 


761/2 


4596.25 


56 


2463.01 


63 


3117.25 


70 


3848.46 


77 


4656.63 


561/2 


2507.19 


631/2 


3166.92 


7OV2 


3903.60 


771/2 


4717.31 


57 


2551.76 


64 


3217 


71 


3959.20 


78 


4778.37 


571/2 


2596.53 


641/2 


3267.46 


711/2 


4015.16 


781/2 


4839.73 


58 


2642.08 


65 


3318.31 


72 


4071.51 


79 


4901.68 


581/2 


2687.83 


651/2 


3369.56 


721/2 


4128.25 


791/2 


4963.92 


69 


2733.97 


66 


3421.20 


73 


4185.39 


80 


5026.56 


591/2 


2780.31 


66I/2 


3473.23 


731/2 4242.13 







Parallel Motion Tables, 

When the Length of the Stroke is not taken into consideration. 



Hadius 

of Beam 

in 

Inches. 


Length of 
Parallel 
Bar in 
Inches. 


Length of Radius 
Rod in Inches. 


Radius 

of Beam 

in 

Inches. 


Length of 
Parallel 
Bar in 
Inches. 


Length of Radius 
Rod in Inches. 


72 


18 


162 


78 


27 


96.5 


. — 


21 


123.9 


— 


30 


76.8 


-^ 


24 


96 


— 


33 


61.36 


-^ 


27 


75 


— 


36 


49 


. — 


30 


58.8 


— 


39 


39 


— 


33 


46 


— 


42 


30.857 


. — 


36 


36 


— 


45 


24.2 


. — 


39 


27.9 


— • 


48 


18.75 


. — 


42 


21.428 


— 


51 


14.3 


. — 


45 


16.2 


— 


54 


10.666 


— 


48 


12 


— 


57 


7.7 


— 


51 


8.6 


— 


60 


6.4 


.^ 


54 


6 


84 


18 


242 


78 


18 


200 


— 


21 


189 


— 


21 ' 


154.7 


— 


24 


150 


— 


24 


121.5 


— 


27 


120.3 



Parallel Motion Tables — {continued.) (17) 



Hadius 
of Beam 


Length of 
Parallel 


Length of 


Radius 
of Beam 


Length of 
Parallel 


Length of 


» ^^ 


Bar in 


Radius Rod 


in 


Bar in 


RadliuRod 


Inches. 


Inches. 


in Inches. 


Inches. 


Inches. 


In Inchet. 


114 


63 


41.3 


132 


72 


50 


— 


66 


34.9 


— 


75 


43.32 


— 


69 


29.3 


— 


78 


37.384 


— ■ 


72 


24.5 


— 


81 


32.111 





75 


20.3 


— 


84 


27.428 


120 


42 


144.8 


— 


87 


23.27 





45 


125 


— 


90 


19.6 





48 


108 


— 


93 


16.35 





51 


93.35 


138 


48 


168.75 





54 


80.666 


— 


51 


148.4 


— 


57 


69.6 


— 


54 


130.666 





60 


60 


— 


57 


115 


— 


63 


51.5 


_ 


60 


101.4 


— 


m 


44.181 


— 


63 


89.3 


— 


69 


37.7 


— 


66 


78.545 


■ — 


72 


32 


.-. 


69 


69 


— 


75 


27 


.. 


72 


60.5 


— 


78 


22.6 


— 


75 


52.9 


— 


81 


1877 


— 


78 


46.153 


^26 


42 


168 





81 


40 


— 


45 


145.8 


_ 


84 


34.643 


— 


48 


126.75 


— 


87 


80 


— 


51 


110.3 


— 


90 


25.6 


— 


54 


96 


— 


93 


21.7 


— 


57 


83.5 


144 


48 


192 


— 


60 


72.6 


... 


51 


169.6 


— 


63 


63 


_ 


54 


150 


— 


66 


54.545 


— . 


57 


132.7 


— 


69 


47 


-_ 


60 


117.6 


— 


72 


40.5 


— 


63 


104.14 


— 


75 


34.7 


— 


66 


92.181 


— 


78 


29.33 





69 


81.5 


— 


81 


25 


... 


72 


72 


— 


84 


21 


— 


75 


63.6 


— 


87 


17.48 


— 


78 


55.846 


132 


48 


147 


— 


81 


49 


— 


51 


128.6 


.-. 


84 


42.857 


— 


54 


112.666 


— 


87 


37.35 


— 


57 


98.7 


— 


90 


32.4 


— 


60 


86.4 





93 


28 


— 


63 


75.5 


._ 


96 


24 


— 


66 


66 


— 


99 


20.4 


■^ 


69 


57.5 , 









(c) 



(19) 
Table of Plane Surfaces — {continued.) 



Surfaces in contact. 



Disposition of 
ttie Fibres. 



State of the 
Surfaces. 



Co-efficient 
of Friction. 



) 



Experiments of M. Morin 
— continued. 

^x-hide as a piston- "^ 
' sheath upon cast-iron / 



^lack dressed leather, or ] 
strap leather, upon a 
cast-iron pulley . . J 

Cast-iron upon cast-iron 

Iron upon cast-iron . 
Oak, elm, yoke elm, iron 

cast-iron, and brass. 

sliding two and two, 

one upon another 
Calcareous oolite stone "^ 

upon calcareous oolite J 
Hard calcareous stone, ^ 

called muschelkalk, > 

upon calcareous oolite J 
Brick upon calcareous S 

oolite j 

Oak upon calcareous 1 

oolite / 

Iron upon calcareous oolite 

Hard calcareous stone, ^ 
or muschelkalk, upon V 
muschelkalk . . .J 

Calcareous oolite stone "^ 
upon muschelkalk . / 

Brick upon muschelkalk 

Iron upon muschelkalk . 

Oak upon muschelkalk . 



Calcareous oolite stone) 
upon calcareous oolite j 



flat or side- ] 
ways 

flat 

ditto 
ditto 

ditto 

ditto 
ditto 

ditto 

wood end- 
ways 

flat 
ditto 

ditto 

ditto 
ditto 
ditto 



ditto 



steeped in 

water 
with oil, ^ 

tallow, or \ 

hog's lard 
without 

unguent 
steeped 
without "i 

unguent j 
ditto 

with tallow 
with oil, or^l 
hog's lard / 

without ]^ 
unguent / 

ditto 

ditto 

ditto 

without ^ 
unguent / 

ditto 

ditto 

ditto 

ditto 

ditto 
with a coat-\ 
ing of mor- | 
tar, of three I 
parts of fine \ 
sand, and I 
one part of I 
slack lime / 



0.62 

0.12 

0.28 
0.38 
0.16 
0.19 

o.ip 

0.16 

0.74 

0.75 

0.67 
0.63 
0.49 

0.70 

0.75 

0.67 
0.42 
0.64 

0.74 



(21) 



Table o/* Friction of Plane Surfaces — {contintMd.) 



Surfaces in contact. 



EXPERJMEXTS OF M. MORIN 
— continued^ 



Hemp, in threads or in 
cord, upon oak . 






Oak and elm upon cast- 
iron .... 

Wild pear-tree, ditto 

Iron upon iron . 

Iron upon cast-iron and 1 
brass / 

Cast-iron, ditto . . 
f upon brass . 

Brass < upon cast-iron 
(^ upon iron . 



Oak, elm, yoke elm, wild \ 
pear, cast-iron, wrought 1 
iron, steel, and moving ; 
one upon another, or I 
on themselves . . . / 



Calcareous oolite stone ^ 
upon calcareous oolite j 

Calfiajreoua stone, called j 
muschelkalkjUpoacal- > 
careous oolite , . . J 

Common brick upon cal- ^ 
careous oolUe . . / 

Oak upon calcareous 1 
oolite ....../ 

Wrought iron, ditto . , 

Calcareous stone, called ^ 
muschelkalk, upon > 
mu^chelkalk . . .J 

Calcareous oolite stone 1 
upon muschelkalk . ) 

Conunon brick, ditto 

Oak upon muschelkalk . | 
Iron upon muschelkalk 



Disposition of 
the Fibres. 



parallel 

perpendi- 
cular 

parallel 

ditto 
ditto 

ditto 

ditto 
ditto 
ditto 
ditto 



ditto 



ditto 

ditto 

ditto 
wood end- 



ways 
rallel 



pai 
ditto 

ditto 

ditto 
wood end- 
ways 

parallel 



state of the 
Surfaces. 



without 1 
unguent j 

with water 

without "i 
unguent J 
ditto 
ditto 

ditto 

ditto 

ditto 

ditto 

ditto 
greased in 
the usual I 
way with [ 
tallow, 
hog's lard, | 
oil, soft 
gom 
slightly 
greasy to 
the touch 
without 
unguent 

ditto 

ditto 

ditto 
ditto 

ditto 

ditto 

ditto 

ditto 

ditto 
saturated 1 
with water J 



Co-eflBdent 
of Friction. 



0.52 

0.33 

0.38 

0.44 
0.44 

0.18 

0.16 
0.20 
0.22 
0.16 



0.07 to 
0.08 



0.15 
0.64 
0.67 

0.65 

0.38 
0.69 

0.38 

0.65 
0.60 
0.38 
0.24 
0.30 



BY THE SAME AUTHOR. 
A SHORT TREATISE 

OH 

THE STEAM ENGINE, 

aftrapte)^ to t^t Bat of ibci^ooU, 

IN WHICH ABB GIVEN 

PRACTICAL RULES FOR THE USB OP ENGINEERS. 



OPINIONS OF THE PRESS. 

" * Short/ but good. We do not think that we shall be exaggerating the 
ineritB of this Work if we say, that, compared with all previous Works on 
the subject, whether short or long, it has not its equal.*' — Mechanic's 
Magazine, May 15. 

** Mr. Hann's mathematical abilities are so well known that his name alone 
is sufficient recommendation to any work he may publish. The work before 
ns, in a compendious form, comprises nearly all the facts that can be arrived 
at by purely mathematical investigation, with reference to the application 
of steam power. We hope that the author will be enabled to continue 
without interruption his useful labours, which are alike honourable to 
himself and to the collegiate body of which he J8 so distinguished a 
member." — Civil Engineer and Architect's Journal. ^ 

'' As a work of mathematical study for the man of science, as a practical 
manual for the engineer, and as a book for the use of schools, this little 
volume is admirable, and without a rival.'* — Sun. 

** It is sufficient to name Mr. Hann as the author of this compendious 
work, to ensure its hearty reception among that class for whose behoof it 
was undertaken. The perspicuity of style throughout the whole book is 
one of its greatest advantages, and, in conjunction with the correct views 
of the author, we feel justified in pronouncing it one of the very best works 
the practical engineer can add to his library." — Practical Mechanic and . 
JSngineer's Magazine, July 17. 
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